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PREFACE 
The theory of submanifolds of an ahnost Hermitian manifold has been one of the 
most interesting topic in differential geometry. The ahnost complex structure on 
an almost Hermitian manifold gives rise to two classes of submanifolds, the holo-
morphic submanifolds (or, complex submanifolds) and the totally real submanifolds. 
The study of complex submanifolds of a Kaehler manifold with a differential geomet-
ric point of view ( that is, with emphasis on the Riemannian metric) was initiated by 
E.Clabi and others (cf [10], [64]). On the other hand, the study of totally real sub-
manifolds from differential geometric point of view was initiated in the early 1970's 
(cf [12], [13], [44], [60], [65] and [66] etc). Smce then many differential geometers 
have contributed many interesting r^^ult in the si^bject. A. Bejancu [2], [3] provided 
a single setting to study these submanifolds by introducing CR-submanifolds of 
Kaehler manifolds. In fact, a CR-submanifold is endowed with two orthogonal com-
plementary distributions such that one is holomorphic and the other is totally real. 
Later, various generalizations of the notion were obtained namely generic subman-
ifolds, slant and semi-slants submanifolds in Kaehler as well as in contact settings 
(cf. [14], [17] and [52] etc.). A special case of CR-submanifold is a CR-product, 
i.e., a Riemannian product of a holomorphic and a totally real submanifold of the 
ambient manifold. 
Warped product spaces form a more general class of manifolds than the Rie-
mannian product of manifolds and have got many applications in physics. In fact 
Warped product manifolds provide excellent setting to model space-time near black 
holes or bodies with large gravitational force (cf.[l], [23], [30], [31] and [58]). For 
instance, the best relativistic model of the Schwarzschild space-time that describes 
the out space around a massive star or a black hole is given as a warped product. 
The idea of warped product manifolds emerged when R.L.Bishop and B.O'Neill [6] 
explored manifolds of negative curvature. Recently, the warped product spaces are 
being investigated for their physical apphcations as well as with differential geomet-
ric point of view. Some other generalizations of warped products, namely multiply 
warped product and twisted products are recently defined and have found lot of 
apphcations too (cf. [18], [47], [50], [54] and [59] etc.) The conditions of space Uke 
bouBdaries in the multiply warped product space-times are studied by Relativist. 
Prom a physical point of view these space-times are interesting, first because they 
include classical examples of space time: when n= l , they are generalized Robertson-
Walker space-times, standard model of cosmology; when n=2, the intermediate zone 
of Reissner-Nordstrom space-time and interior of Schwarzschild space-time appear 
as particulaj case. 
In view of the appUcations of warped product spaces, the geometric study of 
these spaces assumes significance. The aim of the thesis is to study warped product 
spaces with extrinsic geometric point of view i.e., as submanifold of some known 
manifolds. Our target spaces are Kaehler, nearly Kaehler and locally conformal 
Kaehler manifolds. In fact, this approach has proved eflfective ever since S.Nolker 
[51] gave an explicit description of the warped product representation of Euclidean 
spaces. However, more recently, the studies of warped product manifolds with ex-
trinsic geometric point of view are intensified after the impulse given by B.Y.Chen 
[19], [20] when he initiated the study of CR-submanifolds as warped products in a 
Kaehler manifold. 
The thesis comprises of five chapters. Each chapter is divided into various 
section. The mathematical relations obtained in the text have been labeled with 
double decimal numbering. The first figure denotes the chapter, seconds represents 
the section and the third represents the number of definition, equation, lemma or 
the Theorem as the case may be. For example Theorem 4.3.5 refers to the fifth 
Theorem of section three in the fourth chapter. 
The first chapter is introductory and serves the purpose of fixing the notations 
and developing the basic concepts keeping in view of the pre-requisites of the sub-
sequent chapters and also to make the thesis self contained. 
The first investigative result on warped product manifolds as submanifolds of 
a known space was obtained by B.Y.Chen [19] when he proved that there does not 
exist a non-trivial warped product CR-submanifold, i.e., a submanifold of the type 
M± Xf MT in a Kaehler manifold is simply a CR-product. However, non-trivial 
warped product submanifold of the type MT X / M± (known as CR-warped product 
submanifold) do exist in Kaehler manifolds. Subsequently, B.Sahin [48] explored 
semi-slant warped products, i.e., submanifolds of the types MeXf MT & MT 'X-fMg 
in a Kaehler manifold and proved that these warped products are also non-existent 
for 6 e (0,7r/2). To extend the study, in the first section of chapter 2, we have consid-
ered non-trivial warped product submanifolds of the type MT X/MQ and MQ X/MT, 
where MQ is any non-totally real submanifold of the underlying Kaehler manifold 
and established the non-existence of these warped product submanifolds, thereby 
generalize the non-existence results of B.Y.Chen and B.Sahin. The study of generic 
warped products is further extended in section 2 by taking a more general setting 
of nearly Kaehler manifolds. K. Sekigawa [57], while studying CR-submanifolds of 
5* proved that S^ does not Eidmit CR-product submanifolds. This paved way to 
the investigations of more general product submanifolds of S^. The most natural 
candidate seems to be a warped product submanifold. He constructed an example 
of a CR-warped product of S^ to strengthen the existence of such submanifolds in 
nearly Kaehler manifolds. With regard to the existence of warped product sub-
manifolds of S^, N.Ejiri [24] proved that there exist coimtably many immersions of 
^1 ^ 5'("-i)such that the induced metric on it is a warped product metric of constant 
scaler curvature n{n — 1). In section 2, we have analyzed a few generaUzed wEirped 
product submanifolds in nearly Kaehler manifolds to see exactly what warped prod-
uct submanifolds, one can obtain in nearly Kaehler manifolds. The contents of 
this chapter are published in Filomat Vol.22(l), 139-144, (2008) and Toyama Math. 
Journal, Vol.32 (2009). 
It is observed at the end of section 1 of chapter 2 that CR-warped products 
are the only non-trivial warped product submanifolds in the class of generic warped 
product submanifolds of a Kaehler manifold. Since extrinsic geometry heavily de-
pends on the second fundamental form of the immersion of the given manifold into 
an ambient manifold, B.Y.Chen [19] obtained an inequality for the squared norm 
of the second fundamental form of CR-waxped product submanifolds in a Kaehler 
manifold as well as in a real and complex space forms. V.A.Khan and K.A.Khan [39] 
obtained a similar inequaUty for the squared norm of the second fundamental form 
of a semi-slant warped product submanifold in a nearly Kaehler manifold. In chap-
ter 3, we have considered semi-slant warped product submanifolds of a generahzed 
complex space form and obtained an inequality which generalizes the inequahties 
of Chen [19] and Khan et.al [39]. In establishing the required inequality, several 
important formulas are derived for a semi-slant submanifolds as well as semi-slant 
warped product submanifolds of a nearly Kaehler manifold.The contents of the chap-
ter are accepted for publication in Balkan Joiunal of Geometry and its Applications. 
K.Matsumoto [47], V.Bonanzinga [9] and M.I.Munteanu [50] extended the study 
of CR-warped product submanifolds to the setting of locally confomaal Kaehler man-
ifolds. Various important formulae and geometric properties are obtained by them. 
Since warped products have got appUcations in Physics, it is important to see under 
what conditions a CR-submanifold is isometric to a CR-warped product subman-
ifold. In chapter 4, we have worked out mathematical conditions in terms of the 
canonical structures P and F as well as in terms of the shape operator under which 
a CR-submanifold of an l.c.K.manifold becomes isometric to a CR-warped product 
submanifold. In particular, when the ambient manifold is a Kaehler manifold, our 
conditions reduce to the conditions obtained by Chen [15], [19] for the setting of 
CR-submanifolds of Kaehler manifolds. The contents of the chapter are accepted 
for publication in Bulletin Korean Mathematical Society. 
As a step forward, in chapter 5, we studied generic warped product submanifolds 
of l.c.K. manifolds. A Theorem is proved that provides a mechanism of constructing 
non-trivial proper generic warped product submanifolds in l.c.K.manifolds. An ex-
ample is constructed based on the described technique. Some important geometric 
consequences are draAvn. Moreover, an inequality for the squared norm of the sec-
ond fundamental form is also obtained. It can be noted that the results obtained in 
chapter 5 can be specialized for CR-warped product submanifolds in l.c.K. as well as 
in Kaehler manifolds and they agree with akeady existing results of these settings. 
The contents of the chapter are published in Acta Mathematica Sciential, 30B(5) 
(2010). 
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In the end of the thesis, references have been given which by no means are 
comprehensive but mention only the papers and books referred to in the main body 
of the thesis. 
Chapter 1 
Introduction 
The aim of this chapter is to introduce basic concepts, preUminary notions and 
some fundamental results that are required for the development of the subject in 
the present thesis. In this chapter we have given a brief resume of some of the 
results in the geometry of almost Hermitian manifolds, some aUied structures and 
the geometry of submanifolds of these manifolds. Although most of these results 
are readily available in review articles and some in standard books, e.g., Nomizu 
and Kobayashi [43], B.Y.Chen [11], Yano and Kon [67] etc., nevertheless we have 
collected them here to fix up our terminology and for ready references. 
1.1 Structures on C°°-manifolds 
To study the geometry of a differentiable manifold, we initially need to have a Rie-
mannian metric on it. Further refined information can be had through additional 
structures on the manifold, for example, almost complex, almost Kaehler, nearly 
Kaehler and locally conformal Kaehler etc. In this section we briefly disciiss some 
of these structures. 
By a Riemannian metric ^ on a manifold M, we mean a map p -> Pp where gp 
is a positive definite inner product on the tangent space TpM. We require this map 
to be smooth in the sense that the function 
is smooth for all i, j for any chart (U, x) on M. This smoothness condition is same 
as requiring that for all vector fields X,Y on M, p -^ 9p{Xp,Yp) is smooth. On 
a paracompact manifold, there exist a smooth Riemannian metric and by funda-
mental theorem of Riemannian geometry, there exists a unique connection on the 
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manifold compatible with the Riemamiian metric, known as Riemannian connection 
or Levi-Civita connection. 
In what follows, we shall take a differentiable manifold that is connected and 
peuracompact, so that it is always endowed with a Riemannian metric and a Rie-
mannian connection. 
Given a smooth real valued function / on a Riemannian manifold M endowed 
with a Riemannian metric g and the Levi-Civita coimection V, the gradient and 
Laplacian of / , denoted respectively as V / and A / , are defined by 
9iVf,U) = Uf, (1.1.1) 
n 
and A / = Y,{ej{ejf) - (Ve,e,)/} (1.1.2) 
for each U € TM, where TM is the tangent bundle of M and {ei,e2, ....,e„} is a 
local freune of orthonormal vector fields on M. 
Our aim in the thesis is to study warped product manifolds isometrically im-
mersed into manifolds with some Kaehlerian structures. Throughout, these ambient 
manifolds are denoted by the symbol M. 
An almost complex structure on a real diflFerentiable manifold M is a tensor field 
J which is, at every point x G M, an endomorphism of the tangent space TxM such 
that J^ = —/, where / denotes the identity transformation. A manifold with a fixed 
almost complex structure is called an almost complex manifold. A Riemannian 
metric g on an almost complex manifold M is called a Hermitian metric if g is 
invariant under the almost complex structure J, i.e., 
giJU,JV)^g{U,V), (1.1.3) 
or, equivalently 
g{JU,V) = -g{U,JV) 
for any vector fields U, V on M. 
On an almost complex manifold there always exist a Hermitian metric provided 
it is paracompact. A Hermitian metric defines a Hermitian iimer product on each 
tangent space TxM of M at x € M. An almost complex manifold (resp. a complex 
manifold) equipped with a Hermitian metric is called an almost Hermitian manifold 
(resp. a Hermitian manifold). Thus, a Hermitian manifold is assumed to be en-
dowed with an almost complex structure J, a Hermitian metric g and a Levi-Civita 
connection V. 
The fundamental 2-form fi associated with an almost complex structure J and 
Hermitian metric g of an almost Hermitian manifold M is defined by 
n{U,V)=g{U,JV) (1.1.4) 
for all vector fields U, V on M. Since g is invariant under J so is f^ , i.e., 
n{ju,Jv) = Q{u,v). (1.1.5) 
The almost complex structure J is not in general parallel with respect to the 
Riemannian connection V on M defined by the Hermitian metric g. In fact, we have 
the following formula 
Mi^uJ)V,W) = ddQ{U,JV,JW)~6dQ{U,V,W) 
+g{S{V,WlJU). (1.1.6) 
where S is the Nijenhuis tensor (or the torsion tensor) of J defined by 
S{U, V) = 2{[JU, JV] - [U, V] - J[U, JV] - J[JU, V]}. 
It is easy to verify that S satisfies 
SiJU, V) = SiU, JV) - -JS{U, V). 
It is well known that vanishing of the tensor S{U, V) is the necessary and sufiicient 
condition for an almost complex manifold to be a complex manifold [67]. 
If we extend the Riemannian connection V to be a derivative on the tensor 
algebra of M, then we have the following formulae 
{VuJ)V = VuJV - JVuV, (1.1.7) 
{Vumv, W) = g{{VuJ)V, W). (1.1.8) 
Definition 1.1.1 [67]. A Hermitian metric on an almost complex manifold is 
called a Kaehler metric if the fundamental 2-form Q, is closed. A complex manifold 
equipped with a Kaehler metric is said to be a Kaehler manifold. By formula (1.1.6), 
an almost complex manifold M is Kaehler if and only if 
(%J)V = 0, (1.1.9) 
or, equivalently 
VuJV=JVuV 
for all U, V in TM. In this case the connection V on M is said to be a Kaehler 
connection. 
Let M be a Kaehler manifold. For each plane p spanned by {U,V} in the 
tangent space TxM, the sectional curvature K{p) is defined as 
K{p)^R{U,V,U,Vl 
where R denotes the Riemannian curvature on M. If p is invariant by J, then 
K{p) is called the holomorphic sectional curvature of p. The holomorphic sectional 
curvature K{p) is given by the formula 
K{p) = R{U,JU,U,JU), 
where f/ is a unit vector in p. If K{p) is constant for all J-invariant planes p in 
TxM and for all points x e M, then M is called a space of constant holomorphic 
sectional curvature. 
Definition 1.1.2 [67]. A Kaehler manifold M is called a complex-space-form if 
it has constant holomorphic sectional curvature. We denote a complex-space-form 
of constant holomorphic sectional curvature c by M{c). The curvature tensor R of 
M{c) is given by 
R{U,V)W = 1{9{V,W)U - g{U,W)V + g{JV,W)JU) 
-g{JU,W)JV + 2g{U,JV)JW}. (l.MO) 
A more general and geometrically interesting class of almost Hermitian mani-
folds is that of nearly Kaehler manifolds. That is, nearly Kaehler structure on an 
ahnost Hermitian manifold is given by a weaker condition than a Kaehler one. The 
geometric meaning of the nearly Kaehler condition is that the geodesies on the man-
ifold are holomorphically planer curves. The definition is formulated as 
Definition 1.1.3 [67]. A Hermitian manifold M with an almost complex structure 
J is said to be a nearly Kaehler manifold if 
{VuJ)U = 0, (1.1.11) 
or, eqivalently 
(VuJ)V + {VvJ)U = 0 
for all U, V in TM. 
So far as non-Kaehler nearly Kaehler manifolds are concerned, one of the most 
prominent example is that of S^. On a six dimensional sphere S^, one can construct 
an ahnost complex structure using the properties of Cayley division algebra on R'^. 
It is known that this almost complex structure on S^ is not integrable and that it 
is a nearly Kaehler structure on S^ (cf. [25], [26], [27] and [28]). 
Examples 1.1.1. Let C be the Cayley division algebra generated by {1 = 
eo, ej, 1 < i < 7} 1 being the unit element of C, over real nmnber field R, 
and C+ the subspace of C consisting of all purely imaginary Cayley numbers. We 
may identify C+ with a 7-dimensional Euclidean space R'' with the canonical in-
ner product (,). A vector cross product for the vectors in C+ = R^ is defined by 
X xy = (x, y)eo + xy, x,y ^C^. The multiplication table is given as: 
j / k j l 







- 6 3 
62 
- 6 5 
64 
- 6 7 
66 
63 - 6 2 65 - 6 4 67 - 6 6 
0 Ci 66 - 6 7 - 6 4 65 
- 6 1 0 - 6 7 - 6 6 65 64 
- 6 6 67 0 ei 62 - 6 3 
67 66 - 6 1 0 - 6 3 - 6 2 
64 - 6 5 - 6 2 63 0 61 
- 6 5 - 6 4 63 62 - 6 1 0 
On 5^ define a (1,1) tensor field J by putting 
JxX = X X X 
for X G 5^ and X £ TxS^. The above almost complex structure J together with the 
induced Riemannian metric (,) on S^ gives a nearly Kaehler structmre on S^. 
Further, there is a more genered class of almost Hermitian manifolds than neeurly 
Keiehler manifolds, known as RK-manifolds. These are defined as follows 
Definition 1.1.4 [67]. An RK-manifold is an almost Hermitian manifold for which 
the curvature tensor R is invariant under J, i.e., 
RiJU, JV, JW, JZ) = R{U, V, W, Z) 
for all U, V,Z,W e TM. 
An almost Hermitian manifold M is of pointwise constant type if for any x E M 
and U e T^M 
P{U,V) = (3{U,W), 
where ^{U, V) = R{U, V, JU, JV) - R{U, V, U, V) with V and W being tangent vec-
tors at X, orthogonal to U and JU. The manifold M is said to be of constant type if 
6 
for any unit vectors U,V eTM with g{U,V) = g{JU, V) = 0, 0{U,V) is a constant 
function. 
For an RK-manifold we have 
Theorem 1.1.2 [67]. Let M be a RK-manifold. Then M is of pointwise constant 
type if and only if there exist a function a on M such that 
PiU, V) = a[9{U, U)g{V, V) - {g{U, V)f - {g{U, JV))')] 
for any C/, V 6 TM. Moreover, M is of constant type if and only if the above equal-
ity holds for a constant a. In this case, a is the constant type of M. 
A generalized complex space form is an RK-manifold of constant holomorphic 
sectional curvature and of constant type. Let M{c, a) be a generalized complex 
space form of constant holomorphic sectional curvature c and of constant type a. 
Then the Riemannian curvature tensor R of M{c, a) has the following expression 
R{U,V)W = s±l-[g{y,W)U~g{U,W)V] + '-^[g{U,JW)JV 
-g{V,JW)JU-^2g{U,JV)JW] (1.1.12) 
for ailU,V,W in TM. 
Each complex space form is a generalized complex space form. The converse is 
not true. The sphere S^ endowed with the standard nearly Kaehler structure is an 
example of generalized complex space form which is not a complex space form. 
There is another important class of manifolds which are not Kaehler but they 
are locally conformal to a Kaehler manifold. An almost Hermitian manifold (M, J, g) 
is called a locally conformal Kaehler (briefly l.c.K.) manifold if for any x e M, there 
is an open neighborhood U such that for some difterentiable function a : U -^ R, 
g = e-^glu is a Kaehler metric on U i.e., V(e-'*J) = 0, where V denotes the co-
variant diflferentiation with respect to g . li U ^ M, then the manifold M is called 
a globally conformal Kaehler (briefly g.c.K.) manifold. It is known that M is l.c.K. 
if there is a closed 1-form u globally defined on M such that dCl = u A fi,where Q 
denotes the fundamental 2-form on M (cf. [62]). The closed l-form u is called the 
Lee-form of the l.c.K. manifold. It is known that, {M,J,g) is globally conformal 
Kaehler (respectively Kaehler) if the Lee-form u is exact (respectively a; = 0). Any 
simply connected l.c.K. manifold is g.c.K. 
On an l.c.K. manifold, the Lee-vector field A = w", where )j means raising of the 
indices with respect to g, i.e., giU,X) = UJ{U) for all U in TM. If V denotes the 
Levi-Civita connection on M then we have 
{VuJ)V = e(y)U - uj{V)JU - giU, y)/^ - n(?7, V)X, ( L 1 . 1 3 ) 
where d = uoJ and /x = - J A are the anti-Lee form and the anti-Lee vector field 
respectively [62]. In terms of the Lee vector field, (1.1.13) can be written as 
{VuJ)V = g{K JV)U - g{\, V)JU + g{JU, V)\ + g{U, V)JX. (1.1.14) 
g2n+i X 5"^  is a typical example of a compact locally conformal Kaehler manifold 
with parallel Lee-form [62]. We give a brief exposition of how the product manifold 
g2n+i ^  ^1 afijuits ti^ g structure of an l.c.K. manifold. 
Example 1.1.2. Let i?2"+2 ^g ^ (2n4-2)-dimensionaI Euclidean space equipped 
with the canonical inner product (,) and {ei,e2, ,e2n+i,e2n+2} the canonical 
orthonormal basis of i?^""'" .^ We denote by JQ, the complex structure on /22n+2 
defined by 
</oe2m-i = e2m, •/oe2m = -e2m-i, 1 < m < n -f 1. 
Let 52n+i ]^ g g^  (2n+l)-dimensionaI unit sphere with the canonical Sasakian structure 
i<^,(,V,h) induced from the Kaehler structure (JQ, (,)) on B^"""^-^. It is well known 
that the structure vector field ^ defines the Hopf fibration n : 5^"+^ -> CP"", where 
is an n-dimensional complex projective space equipped with the canonical 
Fibini study metric of constant holomorphic sectional curvature 4. let S^ = {e'\t e 
R and i = v ^ l } be a unit circle. We define an almost complex structure J on 
M = 52"+i X S^ by 
JT^^ and JU = (j)U, 
for any vector field U on M such that T](U) = 0, where T = ^ is the canonical 
unit vector field on S^. Then (S'^ ""'"^  x S^, J) is an l.c.K. manifold together with the 
product metric g = h + lonM = S'^ n+i ^ gi -p^^ Lee-form u; of M is given by 
uj = 2dt. 
1.2 SubmcUiifolds 
Let M and M be differentiable manifolds of dimensions n and m respectively. A 
diiferentiable mapping f : M ^> M is said to be an immersion if the differential map 
dfx : TxM —> TxM is injective for all x £ M. If, in addition, / is a homeomorphism 
onto f{M) C M where f(M) has a subspace topology induced from M, we say 
that / is an embedding. If M C M and the inclusion map i : M ^^ M is an 
embedding, we say that M is a submanifold of M. If M is a Riemannian manifold 
with a Riemannian metric g, then M also admits a Riemannian metric induced 
from that of M which is denoted by the same symbol g. The immersion / is said 
to be an isometric immersion if the differential map df : TM -^> TM preserve the 
Riemannian metric, that is, 
g{dfU,dfV)^g{U,V), (1.2.1) 
for U,V eTM. 
When only local questions are involved, we shall identify TM with df{TM) 
through the isomorphism df. Hence a tangent vector in TM tangent to M, shall mean 
tangent vector which is the image of an element in TM under df. More generally, 
a C°°-cross section of the restriction of TM on M shall be called a vector field of 
M on M. Those tangent vectors of TM, which are normal to TM form the normal 
bimdle T-^M of M. Hence, for every point x e M, the tangent space Tf^x)M of M 
admits the following decomposition 
T/(x)M = TxM e T^M. 
The Riemannian connection V of M induces canonically the connection V and 
V-*- on TM and on the normal bundle T-^M respectively governed by the Gauss and 
Weingarten formulae,vi2, 
VuV = VuV + h{U,V), (1.2.2) 
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VuN = -ANU + VJjN, (1.2.3) 
where U, V are tangent vector fields on M and N eT^M. h and AN are the second 
fundamental form and shape operator respectively and are related as 
g{h{U,VlN) = g{ANU,V). (1.2.4) 
Usmg Gauss formula and putting condition on h, we classify the submanifolds into 
different classes as follows: 
Definition 1.2.1 [11]. A submanifold for which the second fundamental form h is 
identically zero is called a totally geodesic submanifold. 
Definition 1.2.2 [11]. A submanifold is called totally umbilical if its second fun-
damental form h satisfies 
h{U,V) = g{U,V)H 
where H — - (trace of h) and is called the mean curvature vector. 
Definition 1.2.3 [11]. A submanifold is called minimal if the mean curvature vec-
tor vanishes identically, i.e, H = 0. 
If {ei,e2,....,e„} is a local frame of orthonormal vector fields on M, then the 
squared norm of the second fundamental form is defined as 
n 
\\hf = J]^(Mei,e,) , / i (ei ,e ,)) . (1.2.5) 
t j = i 
For the second fundamental form h, we define the covariant differentiation V 
with respect to the connection in TM ® T-^M by 
{^uh){V, W) - V^/i(V; W) - h{VuV, W) - h{V, VuW), (1.2.6) 
for any vector fields U, V and W tangent to M. 
Let R and R denote the curvature tensor of the connection on M and M, then 
the equations of Gauss, Coddazi and Ricci are given by 
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R{U,V;W,Z) = R{U,V,W,Z)-g{h{U,Z),h{V,W)) 
+g{h{U,W),h{V,Z)), (1.2.7) 
{R{U,V)Wf = (Vuh){V,W) - {Vvh){U,W), (1.2.8) 
R{U,V,N^,N2) = R^{U,V,N^,N2) - g{[AN„A!,,]U,Vl (1-2.9) 
where R{U,V;W,Z) = g{R{U,V)W,Z). {R{U,V)Wf denotes the normal com-
ponent of R and R^ in (1.2.9) denotes the curvature tensor corresponding to the 
connection in V-^  in T-^M. U, V, W and Z are vector fields tangent to M and 
Ni, N2 are vector fields normal to M. 
A distribution D of dimension r on a manifold M is an assignment to each 
point X of M, an r-dimensional subspace D^ of T^M. It is called differentiable if 
every point x has a neighborhood U and r diflferentiable vector fields on U, say 
Xi,X2,....,Xr, which form a basis of Dy at every y & U. In this case the set of 
vector fields Xi,X2,.....,Xr is said to form a local basis of D. A vector field X is 
said to belong to D if X^ € D^ for all x G M. £> is called involutive if [X, y] € D 
whenever two vector fields X,Y E D. 
A connected submanifold jV of a diflferentiable manifold M is called a integral 
manifold of the distribution D if df{TxN) = D ;^ for all x G N, where / is the embed-
ding of N into M. If there is no other integral manifold of D which contains N then 
N is called a maximal integral manifold of D. The classical theorem of Probenius 
can be formulated as follows 
Theorem 1.2.1 [43]. Let D be involutive on a manifold M. Through every point 
X E M, there passes a unique maximal integral manifold N{x) of D. Any integral 
manifold through x is an open submanifold of N{x). 
Thus, an involutive distribution D on a manifold gives rise to integral manifolds 
of D. These integral manifolds are also known as the leaves of the distribution. In 
other words Ftobenius theorem guarantees the fohation of a. manifold by the leaves 
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of an involutive distribution. 
A submanifold M of M is called auto-parallel if for each vector X G T^M and 
for each curve 7 in M starting from x, the parallel displacement of X along 7 (with 
respect to the affine connection V of M) yields a vector field tangent to M. Thus, 
a distribution D on a manifold M is auto-parallel (or simply Parallel) if V x ^ £ D 
for each X, Y in D. 
If a distribution D on M is parallel, then it is clearly integrable, and by Gauss 
formula the leaves of D are totally geodesic in M. If D is parallel and its orthogonal 
complementary distribution D-^ is also parallel then M is locally the product of the 
leaves of D and D-^. 
1.3 Submanifolds of an almost Hermitian manifold 
The submanifolds of ahnost Hermitian manifolds have additional advantage because 
of the peculiar behavior of the almost complex structure J which when acts on a 
vector transforms it into a vector perpendicular to the given vector. LetM be 
a submanifold of an almost Hermitian manifold M. For any point x £. M, and 
U e TxM, decomposing JU into tangential and normal parts as 
JU = PU + FU. (1.3.1) 
That is, PU e T^M and FU € T^M. Then P is an endomorphism and F is a nor-
mal valued 1-form on T^M. The 1-1 tensor field induced from the endomorphism P 
and the linear differential form induced from F are denoted by the same symbols P 
and F respectively. 
Similarly, for any vector N normal to M, we put 
JN=^tN + fN, (1.3.2) 
with tN and fN as tangential and normal component of JN respectively then / is 
a 1-1 tensor field and t is a tangential valued 1-form on T-^-M. 
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The covariant differentiation of the tensors P, F, t and / are defined respec-
tively as 
{VuP)V = VuPV-PVuV, (1.3.3) 
{VuF)V = VJjFV-FVuV, (1.3.4) 
{Vut)N = VutN-tVljN, (1.3.5) 
{Vuf)N = VijfN-fVijN., (1.3.6) 
for any U,V eTM and N G T^M. 
Furthermore, for any U,V e TM, if we put 
{VuJ)V = VuV + QuV, (1.3.7) 
where VuV and QuV denote the tangential and the normal parts of {VuJ)V. Then 
by using, (1.2.2), (1.2.3), (1.2.4), (1.3.1), (1.3.2), (1.3.3) and (1.3.4), we obtain the 
following formulae 
VuV = iVuP)V-AFvU~th{U,V), (1.3.8) 
QuV = iVuF)V + h{U, PV) - fh{U, V). (1.3.9) 
Similarly, ior N e T-^M, denoting by VvN and QuN the tangential and normal 
parts of (V{/J)iV, we find that 
PuN = (Vut)IV + PANU - AJNU, (1.3.10) 
QuN = {Vuf)N + h{tN, U) + FAi,U. (1.3.11) 
If M is Kaehler, then (1.3.8), (1.3.9), (1.3.10) and (1.3.11) reduces to 
{VuP)V = AFVU + th{U, K), (1.3.12) 
{VuF)V = fh{V\ V) ~ hiU,PV), (1.3.13) 
iVut)N = Af^U - PA^U, (1.3.14) 
(V[;/)iV = -h{tN, U) - FAMU. (1.3.15) 
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It is straightforward to verify the following properties of V and Q. 
pi. (a) Vu+vW = VuW + VvW, {b) Qu+vW = QuW + QyW 
P2. (a) Vviy-^^)=Vvy + VvW, ib) Qu{V + W) = QuV + QuW 
Pz. (a) 9{VuV,W) = -9{V,VuW), {b) g{QuV,0 = -g(V, QuO 
P4. VuJV + QuJV = J{VuV + QuV). 
As the almost complex structure on an almost Hermitian manifold maps a vec-
tor field perpendicular to the vector field, there emerge the following submanifolds. 
Definition 1.3.1 [5]. A submanifold M of an almost Hermitian manifold M is 
said to be invariant (or holomorphic) if 
JT^M = T^M 
for all X e M. 
Definition 1.3.2 [5]. A submanifold M of an almost Hermitian manifold M is 
said to be totally real (or anti-holomorphic) if 
JT^M C T^M 
for all X e M. 
In 1978, A. Bejancu ([2], [3]) considered a new class of submanifolds of an almost 
Hermitian manifold of which the above classes namely invariant and totally real sub-
manifolds are particular cases and named these submanifolds as CR-submanifolds. 
Definition 1.3.3 [2]. A submanifold is said to be a CR-submanifold of an almost 
Hermitian manifold M if there exist on M a C°°-holomorphic distribution D such 
that its orthogonal complementary distribution D^ is totally real i.e., JD^ C T^M 
for all X e M. A CR-submanifold M is said to be proper if neither D nor D^ = 0. 
Obviously if D == 0, M ts totally real submanifold and if D^ = 0, M is a holomor-
phic submanifold. That means, a CR-submanifold provides a single setting to study 
14 
the invariant and anti-invariant submanifolds of an almost Hermitian manifold. 
Definition 1.3.4 [15]. A submanifold of an almost Herrmtian manifold M is said 
to be CR-product if it is locally a Riemannian product of a holomorphic submanifold 
MT and a totally real submanifold M± of M. 
Obviously, a CR-product is a CR-submanifold whereas a CR-submanifold is 
a CR-product if and only if the distributions D and D^ are involutive and their 
leaves are totally geodesic in M, or equivalently D and D^ are parallel on M, i.e., 
VxY e D and VzW G D^ for each X,Y e D a.nd Z,W e D^. 
Remark 1.3.1. Notice that a distribution I) on M is a holomorphic if and only if 
for any non zero vector f/ G D at any point x G M, the angle between Z?i and the 
JU is equal to zero whereas D is totally real if and only if for any non zero tangent 
vector U e D aX any point x e M, the angle between JU and Dx is equal to 7r/2. 
This point of view gives rise to the notion of slant distribution. 
Definition 1.3.5 [17]. Given a submanifold M, isometrically immersed in almost 
Hermitian manifold {M,J,g), a differentiable distribution D on M is said to be a 
slant distribution if for any non zero vector U E Dx, x E M, the angle between JU 
and the vector space Dx is constant, i.e., it is independent of the choice of x e M 
and U e Dx. This constant angle is called the wirtinger angle of the slant distribu-
tion D. A submanifold M of M is called a slant submanifold if the tangent bundle 
TM is slant. 
The notion of slant submanifolds provides a generalization of holomorphic and 
totally real submanifolds. In fact, for the wirtinger angle ^ = 0 and 7r/2, a slant 
submanifold is holomorphic and totally real respectively. A slant submanifold is 
called proper slant if it is neither holomorphic nor totally real. If M is a slant 
submanifold of an almost Hermitian manifold M, then we have (cf.[17]) 
P ' = ~cos\e)I, (1.3.17) 
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where 6 is the wirtinger angle of M in M. Hence, we have 
g{PU,PV) = cos\e)g{U,V), (1.3.18) 
g{FU, FV) = sin\6)g{U, V), (1.3.19) 
for U, V tangent to M. 
There is yet another generalization of CR-submanifolds known as generic sub-
manifolds. These submanifolds are defined by relaxing the condition on the comple-
mentary distribution of holomorphic distribution. 
Definition 1.3.6 [14]. Let M he a real sumanifold of an almost Hermitian mani-
fold M. Then for each x e M, let D^ - T^M n JT^M be the maximal holomorphic 
subspace ofTx{M). If D \ x -^ Dx is a smooth holomorphic distribution on M, 
then M is called a generic submanifold of M (cf. [14])- The complementary distri-
bution D^ of D is called a purely real distribution on M. A generic submanifold is 
a CR-submanifold if the purely real distribution on M is totally real. A purely real 
distribution D° on a generic submanifold M is called proper if it is not not totally 
real. A generic submanifold is called proper if the purely distribution is proper. 
Definition 1.3.7 [14]. A generic submanifold M of an almost Hermitian manifold 
M is said to he a generic product submanifold if it is locally a Riemannian product 
of the leaves of D and D°. In this case, VuX S D or equivalently S7uZ e D'^ for 
all U e TM, X eD andZe -D°. 
On a generic submanifold M of an almost Hermitian manifold M, the tangent 
bundle TM and the normal bundle T-^M are decomposed as 
TM = D®D\ (1.3.20) 
and 
T^M = FD^ e I/, (1.3.21) 
where v is the orthogonal complementary distribution to FD^ in T^M and is in-




( 6 FD^. Moreover, following are some easy observations 
(a) FD = {0}, (6) PD = D, 
(c) PD° C 1)0, (d) f(T^M) = D°. 
For P, F, t and / we have the following relations 
(e) P^ + tF = -I, (/) f + Ft^-I, 
{g)FP + fF = 0, (h) tf + Pt = Q. 
Let M be a generic submanifold. Then the integiability conditions for the dis-
tributions D and D° in the setting of Kaehler, nearly Kaehler and locally conformal 
Kaehler manifolds are given by : 
Theorem 1.3,3 [14]. The holomorphic distribution D on generic submanifold of 
a Kaehler manifold M is involutive if and only if 
g{h{X, JY), FZ) = g{h{JX, Y), FZ) 
for any vector fields X,Y E D and Z e D°. 
Theorem 1.3.4 [35]. The holomorphic distribution D on a generic submanifold of 
a nearly Kaehler manifold M is involutive if and only if 
QxY = 0, h{X,PY) = h{PX,Y) 
for each X,Y e D. 
Theorem 1.3.5 [8]. The holomorphic distribution D on a generic submanifold of 
an l.c.K. manifold M is involutive if and only if 
g{h{X, JY) - hiJX, Y)) + 2g{X. JY)X, FZ) - 0 
for each X,Y in D and Z in D°. 
For the purely real distribution D° on a generic submanifold M, we have 
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Theorem 1.3.6 [14]. The purely real distribution D^ on a generic submanifold M 
of a Kaehler manifold M is involutive if and only if 
VzPW - VwPZ + AFZW - AFWZ e Z)" 
for any vector fields Z,W & D°. 
Theorem 1.3.7 [36]. The purely real distribution D° on a generic submanifold M 
of a nearly Kaehler manifold M is involutive if and only if 
VzPW - VwPI 4- kpz^- AFW'Z + 2VwZ e £>° 
for each Z,W ^D^. 
Theorem 1.3.8 [29]. The purely real distribution D^ on a generic submanifold M 
of an l.c.K. manifold is involutive if and only if 
VzPW ~ VwPZ + AFZW + AFWZ + g{Z, PW)X e D^ 
for each Z, W in D°. 
Note. If the purely real distribution D^ reduces to a totally real distribution then 
the generic submanifold becomes a CR-submanifold and the above integrability con-
ditions take the following forms 
Theorem 1.3.9 [15]. The totally 7ml distribution D^ on CR-submanifold M of a 
Kaehler manifold M is always intcgrable. 
Theorem 1.3.10 [35]. The totally real distribution D^ on a CR-submanifold M 
of a nearly Kaehler manifold M is integrable if and only if 
9(AjzW,X)=g{AjyyZ,X) 
for each X e D and Z,W e D^. 
Theorem 1.3.11 [45], The totally real distribution D^ on a CR-submanifold M 
of an l.c.K. manifold M is always integrable. 
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With regard to the totally geodesicness of the canonical distributions on a 
generic submanifold M, we have 
Theorem 1.3.12 [14]. Let M be a generic submanifold M of a Kaehler manifold 
M. Then 
(i) / / D is integrable then the leaves of D are totally geodesic in M if and only if 
g{h{D,D),FD'') = 0. 
(ii) / / D° is integrable then leaves of D° are totally geodesic in M if and only if 
g{h{D,D'),FD')^0. 
Theorem 1.3.13 [36]. Let M be a generic submanifold M of a nearly Kaehler 
manifold M. Then 
(i) // D is integrable then the leaves of D are totally geodesic in M if and only if 
gh{X,PY) = fh{X,Y). 
(ii) / / D^ is integrable then leaves of D° are totally geodesic in M if and only if 
Z eD^ 
for each X, y € L> and Z, V^^ € D^. 
If the purely real distribution on a generic submanifold M of an almost Her-
mitian manifold M is a slant distribution then M is known as semi-slant submani-
fold. Formally speaking, 
Definition 1.3.8 [52]. A submanifold M of an almost Hermitian manifold M is 
called a semi-slant submanifolds if it is endowed with two distributions D and D^ 
such that TM = D ® D^,where D is holomorphic and D^ is slant with wirtinger 
angle 6. A semi-slant submanifold is proper if 9 ^~. 
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It is straight forward to see that CR and slant submanifolds are semi-slant sub-
manifolds with 6 = 7r/2 and D = {0} respectively. 
1.4 Warped product manifolds 
Let {Mi,gi) and {M2,g2) be two Riemannian manifolds with Riemannian metric gi 
and 52 respectively. Then the product manifold M = Mi x M2 is a Riemannian 
manifold endowed with the Riemannian metric g defined as 
9{U,V) = gi{diriU,d-KiV) + g2{d%2U,d7r2V) (1.4.1) 
where dTTi{i = 1,2) are the differentials of the projections TTJ : Mi x M2 -> M .^ 
R.L. Bishop and B. O'Neill [6] introduced the notion of warped product mani-
folds while investigating manifolds of negative curvatures. These manifolds appear 
as a generalized version of Riemannian product of manifolds. Infact, the warped 
product of two manifolds Mi and M2 is obtained by homothetically warping the 
product metric on to the fibers x x M2 for each x € Mi. Formally speaking the 
warped product manifolds are defined as 
Definition 1,4,1 [6]. Let {Mi,gi) and (M2,p2) be two Riemannian manifold with 
Riemannian metric gi and 52 respectively and f a positive differentiable function 
on Ml. The warped product Mi x / M2 is the manifold Mi x M2 endowed with the 
Riemannian metric g defined as 
9 = 7r*(5i) + {fo •Ki)\;{g2). (1.4.2) 
More explicitly, if U is tangent to M — Mi Xf M2 at (p,q), then 
\m' = \\d-.iUf + f\p)\\dn2Uf, 
the function f is knovm as the warping function. 
A warped product manifold is said to be a trivial warped product if its warping 
function / is constant. More generally, a trivial warped product manifold Mi x /M2 
is a Riemannian product Mi x Mi where M / is the Riemannian manifold with 
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Riemannian metric PQMQ which is homothetic to the original metric p2 of M2 . 
Remark 1.4-1- For a warped product Mi X/ M2, we denote by Di and D2 the dis-
tribution given by the vectors tangent to leaves and fibres, respectively. Thus, L>i is 
obtained from the tangent vectors of Mi via the horizontal Uft and D2 is obtained 
by tangent vectors of M2 via the vertical lift. 
Example 1.4.1. A surface of revolution is a warped product with leaves as the 
different positions of the rotated curve and fibers the circles of revolution. ExpUcitly, 
if M is obtained by revolving a plane cvirve C about an axis in R^ and / : C —)• /?+, 
gives distance to the axis, then the surface M = C Xf S^{1) is a warped product 
manifold. Here S^ denote the unit circle. 
Example 1.4.2. In spherical coordinates the line element of JR^-{0} is 
ds^ = dr^ + r\d9^ + sinHd(i>^). 
Setting r = 1 gives the line element of the unit sphere S'^. Evidently J?^-{0} is 
diffeomorphic to R^ x 5^ under the natural map {t,^) o tp. Thus the formula 
for ds^ shows that i?^-{0} can be identified with the warped product R^ Xr 5^. In 
/?^-{0} the leaves are the rays from the origin and the fibers are the spheres 5^(r), 
r>0. In general, /?^-{0} is natiurally isometric to R'^ x^ -S". 
Example 1.4.3. The standard spacetime models of the universe are warped prod-
ucts, as are the simplest models of neighborhoods of stars and black holes. 
So far as intrinsic geometry of a warped product manifold is concerned, some 
important observations are made in the following Theorem. 
Theorem 1.4.1 [6]. Let M = Mi Xf Mj be a warped product manifold. Then for 
any Ui,Vi e TMi and 6^2,14 e TM2 
(i) Vf/.V, e T M i 
(ii) Vu,U2 = Vu.Ui = {Ui \nf)U2 
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(in) nor(Vu,V2) = - S i ^ i ^ V f 
where V / is the gradient of f. 
A couple of geometric properties axe derived from the above Theorem as: 
Theorem 1.4.2 [6]. In a warped product manifold M = Mi X/ M2 
(i) Ml is totally geodesic in M 
(ii) M2 is totally umbilical in M 
Theorem 1.4.2 was further extended by Hiepko [32] to provide a characteriza-
tion for warped product manifolds. Throughout the thesis, we have used Hiepko's 
Theorem to seek the existence of warped manifolds as submanifolds in various am-
bient manifolds. The Theorem is stated as: 
Theorem 1.4.3 [32]. / / the tangent bundle of a Riemannian manifold M splits 
into an orthogonal sum TM = EQ® Ei of non-trivial vector subbundles such that 
El is spherical and its orthogonal complement EQ is auto parallel, then the manifold 
M is locally isometric to a warped product MQ XJ MI. 
Warped product spaces are extended to a richer class of spaces involving mul-
tiple products. We would, in particular be concerned with doubly waxped product 
manifolds which are defined as under: 
Definition 1.4.2 [50]. Let fi and / j be positive differentiable functions on Rie-
mannian manifolds {Mi,gi) and (^ 1^ 2,5-2) respectively then a doubly warped product 
manifold of Mi and M2, denoted as f^Mi X/j M2 is endowed with a metric g defined 
as 
g = {f20 7r2)V + (/i o irifg2. (1.4.3) 
/ / either / i = 1 or f2 = 1, but not both, then we obtain a (single) warped product. 
If both fi = 1 and /2 = 1, then we have a product manifold. If neither /i nor /2 
is constant, then we have a proper doubly warped product. In other words, a doubly 
22 
warped product is proper if it is not a (single) warped product. 
For a doubly warped product manifold the formvda (ii) in Theorem 1.4.1 is 
generalized to 
Vu,U2 = (U2\nf2)Ui + [Ui ]nfi)U2 (1.4.4) 
for each Ui e TMx and U2 e TM2. 
Moreover, as an extension of Theorem 1.4.2, it can be observed that on a doubly 
warped product manifold M =f^ Mi X/^  M2, both the factors namely Mi and M2 
are totally umbilical in M with mean curvature vector VZn/i and VZn/2 respectively. 
Note. If / is a positive differentiable function on M = Mi x M2, then the warped 
product Ml X /M2 is known as a twisted product of Mi and M2. Similarly, if 
/ i , /2 are differentiable functions on M then the doubly warped product denoted as 
/2M1 X/i M2 is known as doubly twisted product. It is easy to observe that formula 
(1.4.4) is valid for doubly twisted product manifolds as well. 
B.Y.Chen [19], [20] initiated the study of warped product manifolds with ex-
trinsic geometric point of view when he considered CR-submanifolds of a Kaehler 
manifold embedded as warped product manifolds. That is how the notion of warped 
product submanifolds emerged. These submanifolds are defined as: 
Let (M, g) be a Riemannian manifold and M a submanifold of M. Then M is 
called a warped product submanifold of M if it satisfies 
is a Riemannian submanifold of M. 
(a) M is a warped product manifold of two submanifolds Mi and M2 of M. 
(Hi) The two submanifolds are orthogonal i.e., g{Ui,U2) = 0, for any Ui G TMi 
and U2 e TM2. 
Let M be an almost Hermitian manifold and Mi, M2 be submanifolds of M. 
Then the possible warped product submanifolds of M with two factors Mi and 
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M2 are Mi x / M2 and M2 Xj Mi. If one of the two factors is a holomorhic sub-
manifold of M, say MT then the warped product submanifolds, namely Mr Xj MD 
and Mo X/ Mr are known as generic warped product with Mo being an arbitrary 
Riemannian submanifold of M. It is easy to observe that a trivial generic warped 
product is a generic product. 
In particular if the submanifold Mo of M is a slant submanifold with wirtinger 
angle 9, then the warped products MT Xf MQ and Mg X/ MT are called semi-slant 
warped product submanifolds. For 9 = 7r/2 semi-slant warped products are known 
as CR-warped product and warped product CR-submanifolds of M respectively. A 
trivial CR-warped product submanifold (as well as a trivial warped product CR-
submanifold) is a CR-product. 
B.Y.Chen studied these CR-submanifolds of Kaehler manifolds and proved the 
following Theorem 
Theorem 1.4.4 [19]. Let M be a Kaehler manifold and M = M^XJMT be a warped 
product CR-submanifold of M then M is simply a CR-product. In other words, there 
does not exist a non-trivial warped product CR-submanifold in a Kaehler manifold. 
However, non-trivial CR-warped product submanifolds do exist in Kaehler man-
ifolds. Many examples of these warped products are obtained in [53]. We quote the 
following 
Let us denote by R^"',m > 1, the EucUdean 2m space with standard metric. 
The canonical complex structure J on R "^* is defined by 
JiXi,Yu...,Xm,Ym)^(-YuXu...,-Ym,Xm). (1.4.5) 
Example 1.4.4. Consider in R^ a submanifold M given by the equation 
Xi = tcOsO, X2 = SC0S9, X3 ^ tC0S((), X4 = SC0S(j), 
^5 = tsin0, XQ = ssin9, X7 = tsincp, xg = ssincf), 9,(f)e (0,7r/2). 
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Then TM is spanned by {Zu ZS.ZQ, Z^}, where 
Zt = cosOdxi + cos(f>dx3 + sinOdx^ + sin4>dx-j, 
Z^ = cosddx2 + cos<f)dx4 + sinOdxe + sin<j)dxi, 
Zg = -tsinOdxi - sin9dx2 + tcosddx^ + scos(l>dxe, 
Z^ = -tsin^dxz - ssin<l>dx4 + tcos4>dx7 + scos(j)dxs. 
On using (1.5.1), we observe that 
JZt = Zs, JZa = —Zt, 
JZo - {ssinO, -tsinO,0,0, -scos9,tcos9,0,0) e T^M, 
JZ^ = (0,0, ssin4), -tsincj), 0,0, -scos<f), tcoscf)) e T^M. 
We observe that D = span{Zt,Zs} is invariant with respect to J and D^ — 
span{Zg,Z^} is anti-invariant with respect to J. Thus, M is a CR-submanifold 
of R®. Furthermore, we can drive that D and D-^ are integrable. Denoting the 
integral manifolds of D and D-^ by MT and M± respectively, the induced metric 
tensor ^ = is given by: 
g = {dxif + {dx2y + ... + (dx,)2 
- 2{dt'' + ds^) + {t'^ + s''){de^ + d<f>''), 
Therefore M is a CR-warped product submanifold of M® with warping function 
Chen [19] obtained various extrinsic geometric properties of CR-warped prod-
uct submanifolds which we recall in the subsequent chapters. 
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Chapter 2 
Warped product submanifolds of Kaehler and 
nearly Kaehler manifolds 
In view of the applications of warped product manifolds it is worthwhile to explore 
them in known spaces. Such investigations were initiated by B.Y.Chen when he 
considered CR-submanifolds as warped product submanifolds in Kaehler manifolds. 
Subsequently, B.Sahin extended the study to semi-slant warped products in Kaehler 
manifolds. Prom these studies it was revealed that in the class of semi-slant sub-
manifolds, the only non-trivial warped product submanifolds in a Kaehler manifold 
are CR-warped product submanifolds. 
One of the next steps of extending the study is to consider warped product 
submanifolds with one of the factors a holomorphic submanifold and the second fac-
tor not necessarily slant. These submanifolds are generic in the sense of B.Y.Chen 
[14]. Our aim in this chapter is to investigate the existence of these warped product 
spaces in Kaehler and nearly Kaehler manifolds. 
2.1 Generic warped product submanifolds 
of a Kaehler manifold 
As non-trivial warped product CR-submanifolds are non-existent in a Kaehler man-
ifold (of. Theorem 1.4.4) B.Sahin investigated semi-slant submanifolds of a Kaehler 
manifold as warped product submanifolds and established the following: 
Theorem 2.1.1 [53]. Let M be a Kaehler manifold. Then there do not exist warped 
product submanifolds M = MeXfMr inM such that Me is a proper slant subman-
ifold and MT is a holomorphic submanifold of M. 
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Theorem 2.1.2 [53]. Let M be a Kaehler manifold. Then there do not exist 
warped product submanifolds M = MT Xf Me in M such that Mr is a holomorphic 
submanifold and Mg a proper slant submanifold of M. 
Note. Theorem 2.1.1 is valid for all 6 G [0,7r/2] in view of Theorem 1.4.4, whereas 
there are many examples of CR-warped product submanifolds MT X / Mx in Kaehler 
manifolds which are not CR-products strengthening the fact that Theorem 2.1.2 is 
valid for the case of proper semi-slant warped product submanifolds (cf. [19]). 
As a step forward, in this section we study proper generic submanifolds of a 
Kaehler manifold M, i.e., warped product submanifolds of the type M = MT X /MQ, 
and M = MQ Xf MT, where MT is a holomorphic submanifold and Mo is any non-
totally real submanifold of M. 
In view of the Remark 1.4.1, throughout, the tangent bundle TMT of MT is 
denoted by D and the tangent bundle TMQ of MQ is denoted by D°. 
Theorem 2.1.3. There do not exist non-trivial proper generic warped product sub-
manifold of a Kaehler manifold M. 
Proof. Let MQ be submanifold of a Kaehler manifold M which is not totally real 
and MT a holomorphic submanifold of M. Then, first we consider a warped product 
M — MQXJ MT in M. By Theorem 1.4.1 
VxZ = VzX = {Zlnf)X (2.1.1) 
for each X e D and Z e D°. Thus 
g{X,VjxZ) = 0. (2.1.2) 
Using Gaviss formula and the Kaehler condition, the above equation is written as 
g{JX,VjxJZ) = 0. 
On decomposing JZ into tangential and normal parts and applying Gauss and 
Weingarten formula, the above equation takes the form 
g{JX, VjxPZ) - g{h{JX, JX), FZ) = 0, 
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which on using formiila (2.1.1) yields 
g{h{JX,JX),FZ) = {PZlnf)\\Xf. (2.1.3) 
Now, on making use of formulae (1.3.3), (1.3.12) and (2.1.1), we obtain 
{PZlnf)X - {Zlnf)PX = ApzX + th{X, Z), 
which on replacing X by JX becomes 
{PZlnf)JX + {Zlnf)X = ApzJX + th{JX, Z). (2.1.4) 
On taking product with Y e D va. both sides of the above equation while making 
use of the fact tN e D° for each N G T^M, we get 
{PZlnf)g{JX,Y) + {Zlnf)g{X,Y) = g{h{JX,Y),FZ). (2.1.5) 
Interchanging X and Y in the above equation and adding the resulting equation in 
(2.1.5) while taking account of Theorem 1.3.3, we obtain 
{Zlnf)g{X,Y) = g{h{JX,Y),FZ). , 
Thus, for Y = JX, the above equation gives 
g{h{JX, JX), FZ) = 0. (2.1.6) 
Now, by (2.1.3) and (2.1.6), it follows that 
PZlnf = 0, 
for each Z G D°. As Z)° is a proper purely real distribution, the vector field PZ 
can not be zero for each Z e D°, therefore / is constant and M is a Riemannian 
product of Mo and Mr-
Since non-trivial warped product CR-submanifold of a Kaehler manifold are 
non-existent, it follows from the above that generic warped product submanifolds of 
the form MQXJ Mr are non-existent in a Kaehler manifold. Hence Theorems 1.4.4 
and 2.1.1 are extended for generic warped product submanifolds. 
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Now, let M be a warped product submanifold of the type MT y-f MQ in M. 
Then for any Z e D° and X € D by Theorem 1.4.1 
VxZ = VzX = {Xlnf)Z. (2.1.7) 
By formulae (1.3.3) and (2.1.7) we have 
iVxP)Z = 0, 
and 
iVzP)X = {PXlnf)Z - {Xlnf)PZ. 
The above equations in view of the formula (1.3.12) yield 
AFzX+th{X,Z) = 0, 
and 
{PXlnf)Z - {Xlnf)PZ = th{X, Z). 
Thus, 
ApzX = {Xlnf)PZ - {PXlnf)Z. 
Taking product with PZ in both sides of the above equation gives 
9{h{X,PZ),FZ) = XlnfWPZf. (2.1.8) 
On the other hand, as M is Kaehler 
g{VpzJZ,JX) = g{VpzZ,X) 
= -iXlnf)giPZ,Z) 
= 0. 
Now, writing JZ = PZ + FZ and using Gauss, Weingarten formulae, we obtain 
from the above equation that 
giVpzPZ, JX) - giApzPZ, JX) = 0. 
Replacing X by JX and using (2.1.7), we get 
g{hiX,PZ),FZ) = -{Xlnf)\\PZ\\\ (2.1.9) 
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Prom (2.1.8) and (2.1.9), we have 
{Xlnf)\\PZr = 0. 
Since M is a proper generic warped product, PZ can not be zero for each Z e D°, 
therefore from (2.1.8) and (2.1.9), we obtain 
Xlnf = 0. 
That is, / is constant on MT which proves that the warped product Mr Xf MQ is 
trivial and the proof of the Theorem is complete. 
Remark. The above Theorem is proved under the assumption that PD° yt 0. How-
ever, as the warped product submanifold M± X/ Mr is trivial, the generic warped 
product submanifolds of the form Mo X/ MT are trivial in Kaehler manifolds. On 
the other hand as the proper generic warped product submanifolds of the form 
MT Xf MQ are non-existent, the only non-trivial generic warped product submani-
folds of a Kaehler manifold are CR-warped product submanifolds. 
2.2 Warped product submanifolds 
of a nearly Kaehler manifold 
Having proved the non-existence of non-trivial proper generic warped product sub-
manifolds in Kaehler manifolds, it is natural to explore these warped product sub-
manifolds in a more general setting of nearly Kaehler manifolds. We start our 
investigations by exploring doubly warped products and twisted warped products 
in nearly Kaehler manifolds. 
Let Ml and M2 be two non-trivial submanifolds of an almost Hermitian mani-
fold M such that M =/2 Mi X/j M2 is a doubly warped product submanifold of M. 
If one of the factors of M is a holomorphic submanifold of M, then M is called a 
doubly warped product generic submanifold of M. A doubly warped product CR-
submanifold /J^MT Xf^ M± is a particular case of doubly warped product generic 
submanifold. Our aim in this section is to explore these submanifolds in the setting 
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of nearly Kaehler manifolds. 
Some important formulas are obtained in the following Lemma: 
Lemma 2.2.1. Let M =f^ MT X/7. MQ be a doubly warped product generic subman-
ifold of a nearly Kaehler manifold M. Then we have 
(i) g{VzX,W)=g{VxZ,W) = {XlnfT)9{Z,W) and 
9{VzX,Y) = g{VxZ,Y) = {Zlnfo)g{X,Y), 
(M) g{h{X, Y), FZ) - {PZlnfo)g{X, Y), 
(m) g{VxY, Z) = {Zlnfo)g{JX, Y), 
(m) gih{PX, Z),FZ) = (XZn/r)||Z|p 
for each X,Y e D and Z,W e D°. 
Proof. Prom formula (1.4.4), we have 
V x ^ = VzX = {XlnfT)Z + {Zlnfo)X. 
Taking product with W ^ D^ on both sides of the above equation we obtain state-
ment (i). Similarly, taking product with Y E D in the above formula, we obtain 
g{VzX,Y) = g{VxZ,Y) = {Zlnfo)g{X,Y). (2.2.1) 
Now, by formula (1.3.8) we have 
g{VxY, Z) = g{{VxP)Y, Z) + g{h{X, Y), FZ). 
Applying (1.3.3) in the right hand side, we get 
giVxY, Z) = g{VxPY, Z) - g{PVxY, Z) + g{h{X, Y), FZ). 
Taking account of the orthogonahty of the distributions D and D°, the above equa-
tion takes the form 
g{VxY, Z) = -g{PY, VxZ) - g{Y, VxPZ) + g{h{X, Y), FZ), 
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which, on using formula (2.2.1) gives 
giVxY,Z) = iZlnfo)9iPX,Y) - {PZlnfQ)g{X,Y) + g{h{X,Y),FZ). (2.2.2) 
VxY is skew synametric in X and Y, whereas g and h are synametric. Taking account 
of these facts and comparing symmetric and skew symmetric terms in (2.2.2), we 
get 
g{h{X,Y),FZ) = iPZlnfo)g{X,Y\ (2.2.3) 
and 
g{VxY, Z) = {Zlnfo)g{JX, Y). (2.2.4) 
Thus, the statement (ii) and (iii) are proved. 
Now, from (1.3.8) we have 
VxZ = iVxP)Z - AFZX - th{X, Z) 
and 
rzX = (VzP)X-th(X,Z}. 
As VxZ + VzX = 0 on M, using this fact and formula (1.3.3), we have 
0 = VxPZ + VzPX - P{VxZ + VzX) - AFZX - 2th{X, Z). 
Making use of (2.2.1) in above equation, we get 
{PZlnfo)X - {Zlnfo)PX + {PXlnfT)Z - {XlnfT)PZ - ApzX + 2th{X, Z). 
Taking inner product with Z in both sides of the above equation gives 
{PXlnfT)\\Zf = gihiX,Z),FZ) + 2g{th{X,Z),Z) 
= g{h{X, Z), FZ) - 2g{h{X, Z),FZ) 
= -g{hiX,Z),FZ). 
Replacing X by PX in the above equation while noticing that JX = PX for each 
X G D,-we obtain 
g{h{PX, Z), FZ) = XlnfrWZf. 
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This proves part (iv) and completes the proof of the Lemma. 
Next, we prove the following: 
Theorem 2.2.1. There does not exist a proper doubly warped product CR-submanifold 
in a nearly Kaehler manifold M. 
Proof. Let M =f^ MT X/^ MJ. be a doubly warped product CR-submanifold of 
a nearly Kaehler manifold M. As PZ = 0 for each Z e D-^, by formula (2.2.3), 
g{h{X,Y),FZ) = 0 for each X,Y e D. That means h{X,Y) e u . Now, by using 
formulae (1.3.9), (1.3.4) and the fact that QuV + QyU = 0 for each U,V e TM, we 
obtain 
F{VxY + VYX) = h{X, PY) + h{Y, PX) - 2fh{X, Y). 
In view of the observation that h{X, Y) e i/, the right hand side of the last equation 
lies in u, whereas, F{VXY+VYX) G F ( D ° ) . NOW, by the orthogonality of FD° and 
u, it follows that F{VxY + VyX) = 0. Further, as D is integrable on M, it can be 
deduced from the above observation that VxY G D. That is, MT is totally geodesic 
in M. Moreover, as Mj. is totally umbilical in M with mean curvature Vlnfr and 
fr being a function on MT, Z{lnfT) = 0, we deduce that M± is an extrinsic sphere 
in M. Hence, by Theorem 1.4.3 we get that M is locally isometric to a warped 
product MT Xf M^. That means M is a (single) warped product submanifold. 
The above Theorem can further be refined by proving the following Theorem. 
Theorem 2.2.2. There does not exist a proper doubly warped product submanifold 
of a nearly Kaehler manifolds M with one of the factors a holomorphic submanifold 
ofM. 
Proof. Let M =j^ MT Xf^ MQ be a doubly warped product submanifold of a nearly 
Kaehler manifolds M such that MT is a holomorphic submanifold and MQ is an 
arbitrary submanifold of M. As M is nearly Kaehler, it follows that VxJX = 0 for 
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any X E D. Using this property in formula (iii) of Lemma 2.2.1, we get 
{Zlnfo)\\X\f = 0. (2.2.5) 
As NT is a non-trivial submanifold, it follows from (2.2.5) that Zlnfo = 0 for each 
Z e r>°. That is, /o is constant. This proves that M is simply a generic warped 
product submanifold, i.e., M = MrXf MQ. 
Having established the non-existence of proper doubly warped product generic 
submanifolds in nearly Kaehler manifolds, we are left with two possible generic sub-
manifolds as (single) warped product submanifolds, namely, warped products of the 
types (a) Mr X/ Mo and (b) MQ X/ My. 
However, it follows from (2.2.5) that the non-trivial warped product subman-
ifolds of the types (b) are non-existent in nearly Kaehler manifolds. Hence, as an 
extension of Theorem 2.1.1 and Theorem 2.1.3 to the setting of nearly Kaehler man-
ifolds, we may state 
Theorem 2.2.3. Let M be a nearly Kaehler manifold and M — MQ XfMr a warped 
product submanifold of M where Mr is a holomorphic and MQ is an arbitrary sub-
manifold of M. Then M is a generic product. 
As an immediate consequence of the above Theorem we have 
Corollary 2.2.1. There does not exist non-trivial warped product CR-submanifold 
in a nearly Kaehler manifold. 
Note. The above corollary is an extension of the non-existence Theorem for warped 
product CR-submanifold in Kaehler manifolds (cf. Theorem 1.4.4). 
However, generic warped product submanifolds of the type (a), namely sub-
manifolds of the type M T X/ MQ do exist in nearly Kaehler manifolds. We quote 
here an example of CR-warped product submanifold of S^. 
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Example 2.2.1 [57]. Let {eo,ei(l < i < 7)} be the canonical basis of the Cayley 
division algebra on R^ over R and R'^ be the subspace of R^ generated by the purely 
imaginary Cayley niunbers 6,(1 < i < 7). Then 
S^ = {t/iei + 2/262 + yjer : y? + y ' + + y? = 1} C R\ 
is a unit 6-sphere adntiitting a nearly Kaehler structure {J,g, V). Now suppose that 
S^^{y = (y2,y4,y6) el^ :yl + yl + yl = l}, 
is a unit 2-sphere and 
S^ = {z = e'\t e R}, 
is a unit circle. Considering the mapping 
iP : S^ X S^ ~> S^ 
defined by 
ip{y,z) = •0((t/2,y4,y6),e") 
= {y2COst)e2 - {y2sint)ez + (y4COs2i)e4 
+(y4sm2t)e5 + (y6Cost)e6 + {y&sint)eT, 
for y = (2/2,^ 4,2/6) ^ S"^ and z = e" G 5 S t G i?. Then the tangent bundle of 
submanifold is given by 
Zi = —y2sinte2 — y2Costez — 2y4sin2te4 + 2y4Cos2te5 — y^sinteQ — y^costej, 
Z2 = y&coste2 - yesintez - y2COste6 - y2sinte7, 
Zz = y6Cos2tei + y6sin2te5 — y^coste^ — y^sintcT. 
Where D = span{Z2i ^z} and D^ = span{Z\\. Moreover, we can drive that D is 
integrable. Denoting the integral manifolds of D and D^ by MT and Mx respec-
tively, then the induced metric tensor is 
ds"^ = (ye^ + y2 )^rfy2^ + y2yidy2dyA + (ye^ + y4 )^rfy4^ + (1 + M)df 
+9MT +0-+^yl)9M^-
Thus it follows that 5^ X; 5"^  is a warped product submanifold of S^ with warping 
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function f=^{l + Zyj). 
In the last Theorem of this section, we will study the existence of proper doubly 
twisted product generic submanifolds in nearly Kaehler manifolds. 
Theorem 2.2.4. Let M be a nearly Kaehler manifold. Then there do not exist dou-
bly twisted product generic submanifolds of M which are not (single) twisted product 
generic submanifolds in the form J^MT X/i MQ such that MT is holomorphic and MQ 
is an arbitrary submanifold of M. 
Proof. Let M =/2 MT X/J MQ be a doubly twisted product submanifold of M. 
Then for any X,Y E D and Z e D°, using formula 2.2.1, we obtain 
giVjxZ, JY) = {Zlnf2)g{X, Y). (2.2.6) 
Using (1.1.7), (1.4.4) and (1.2.2), the left hand side is simplified as 
giVjxZ,JY) = -g{Z,VjxJY) 
= -g{Z,{VjxJ)Y + JVjxY) 
= g(Z, (yYJ)JX) - g(Z, JVjxY) 
= g{JZ,{VYJ)X) + g{PZyjxY) 
+g{FZ,h{JX,Y) 
= g{JZ, {VYJ)X) - {PZlnf2)g{JX, Y) 
+g{FZ,h{JX,Y)). 
Thus, we have 
{Zlnf2)g{X, Y) = g{JZ, {VyJ)X) - {PZlnf2)g{JX, Y) + g{h{JX, Y), FZ). 
Interchanging X and Y and adding the resulting equation into the above while 
making use of Theorem 1.3.4 and the fact that M is nearly Kaehler, we obtain 
g{h{JX, F) , FZ) = iZlnf2)g(X, Y). (2.2,7) 
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Now, again using the fact that M is nearly Kaehler and formula (1.4.4.), we get 
giVxJX, JZ) = -{Zlnm\X\\\ (2.2.8) 
On the other hand taking account of (1.2.2) and (1.3.1), the left hand side of the 
above equation reduces to 
9{VxJX, PZ) + g{h{X, JX), FZ). 
The first term in the above expression vanishes by (1.4.4), whereas the second term 
on making use of (2.2.7) reduces to ZlnfiWX^"^, i.e., 
9(V;f JX, 3Z) = ZlnhWXf- (2.2.9) 
Now, by (2.2.8) and (2.2.9) we get 
Zlnf2\\Xf = 0 
for all Z & D^. That is, /a depends only on the points of My. Hence M is a twisted 
generic product of the form MT X/ MQ. 
Therefore, we finally see that doubly twisted product generic submanifolds are 
(single) generic twisted product submanifolds in nearly Kaehler manifolds. 
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Chapter 3 
Semi-slant warped product submanifolds of nearly 
Kaehler manifolds 
Having settled the existence of generic warped product submanifolds of Kaehler and 
nearly Kaehler manifolds, in the present chapter we intend to study the geometry 
of some of the existing warped product submanifolds. More explicitly, the purpose 
of this chapter is to study the geometry of semi-slant warped product submanifolds 
of nearly Kaehler and generalized complex space forms. 
3.1 Semi-slant submanifolds 
of an almost Hermitian manifold 
We recall that a submanifold M of an almost Hermitian manifold M is called a semi-
slant submanifold if it is endowed with two orthogonal complementary distributions 
D and if where D is invariant with respect to J and D^ is slant (with a wirtinger 
angle 9). That is, for all U G Dx, the angle 6{U) between JU and Dx is constant, 
i.e., it does not depend on the choice of x G M and U & Dx. Thus, the tangent 
bundle TM and the normal bundle T-'-M of a semi-slant submanifold M of an almost 
Hermitian manifold M are decomposed as 
TM = D®D\ (3.1.1) 
and 
T^M = FD^ ®u, (3.1.2) 
where u is the orthogonal complementary distribution to FD^ in T^M and is in-
variant under J. That means J^ = /^ for each ^^u. 
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In view of the decomposition (3.1.2) we have 
h{U,V) = hFD^{U,V)-^K{U,V) (3.1.3) 
for f/,y G TM^ where hpD»{JJ,V) and hu{U,V) are the components of h{U,V) in 
FD^ and u respectively. Moreover, if {Z\, ^2, ••••, Z^ be a local orthonormal frame 
of vector fields on D^, then 
n 
hpoeiU^V) = Y,h'(U^V)FZr, (3.1.4) 
r = l 
where 
/i'-(C7, V) = csc^dg{h{U, V), FZr). (3.1.5) 
For any Ui, U2, Vi, V2 € TM on using (3.1.4) and (3.1.5) we get 
9{hrDo{Ui,Vi),hFDoiU2>V2)) = t 9{h'-{Ui,V^)FZr,h''{U2,V2)FZ,) 
r,4=l 
= E h^iUi, Vx)hr{U2, V2)g{FZr, FZr) 
r = l 
= ih'-{Ui,Vi)h-iU2,V2)sin^eg(Zr,Zr) 
= csc^e t g{h{Ui,V,),FZr){h{U2, V2),FZ,). 
(3-1.6) 
Now, we have the following Lemma 
Lemma 3.1.1. On a semi-slant submanifold of an almost Hermitian manifold M, 
\\hFo^{X,Z)f = cscHY,9{KX,ZlFZr)\ (3.1.7) 
r 
and 
\\fhFo^{X,Z)\\' = cotHYig{h{X,ZlFZrf (3.1.8) 
r 
for any X e D and Z G D^. 
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Proof. Since 
\\hFD^{U,V)f = 9{hFno{U,V),hFoe{U,V)), 
formula (3.1.7) is obtained as an immediate consequence of (3.1.6). 
Now, by (3.1.4), we have 
fhpD^{X,Z) = Y,h^{X,Z)fFZr.. 
r=l 
Since, fF + FP = 0, the above relation can be expressed as 
fhpj^iX, Z) = -Y^ h'-iX, Z)FPZr. 
r=l 
Therefore, 
UhFDo{X, Z), fh^noiX, Z)) = J](/i '-(X, Z)fgiFPZr, FPZr). 
r=l 
Substituting the value of hr{X, Z) from (3.1.5) into the above equation and making 
use of formulae (1.3.18) and (1.3.19), we obtain 
\\fhpiy>{x, z)f = cotH Y, giKx, z),FZrf. 
T 
3.2 Warped product submanifolds 
of nearly Kaehler msmifolds 
As noH-trivial generic warped product submanifolds of the form Mr Xf MQ exist in 
nearly Kaehler manifolds, we study in the present section, a special case, namely 
semi-slant warped product submanifolds My X/ Me in a nearly Kaehler manifold 
M where Mr and Mo are respectively holomorphic and slant submanifolds ( with 
wktinger angle 6) of M. More precisely, our aim in this section is to obtain estimates 
for the squared norm of the second fimdamental form of semi-slant warped product 
submanifolds in nearly Kaehler manifolds. 
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With regard to the extrinsic geometric properties of CR-warped product sub-
manifolds, B.Y.Chen [19] obtained a sharp inequaUty for the squared norm of the 
second fundamental form. He proved: 
Theorem 3.2.1 [19]. Let M = MT Xf M± be a CR-warped product in a Kaehler 
manifold M. We have 
(i) The squared norm of the second fundamental form satisfies 
\\hf > 2q\\V{lnf)r, 
where V{lnf) is the gradient of Inf and q is the dimension of M±. 
(a) If the equality sign holds in the above inequality, then MT is a totally geodesic 
submanifolds and Mj. is a totally umbilical submanifold of M. 
The above inequaUty was further refined when the ambient manifold is taken 
as a complex space form. 
Theorem 3.2.2 [22]. M = MT Xf M± be a CR-warped product in a complex space 
form M{4c). Then 
||/i|P > 29||V(Zn/)|p + A(Zn/) + 4pgc, 
where A{lnf) denotes the Laplacian of Inf and p, q denote respectively the dimen-
sions of MT and M±. 
To generalize the above inequahties, we start with estabhshing some formulas 
in the following Lemma. 
Lemma 3.2.1. On a proper semi-slant warped product submanifold M = Mr XfMe 
of a nearly Kaehler manifold M we have 
(i) gihiX,Y),FZ)^0, 
(ii) g{h{PX,Z),FZ) = {Xlnf)\\Z\\', 
(ui) g{h{X,Z),FW) - g{h{X,W),FZ) = l{Xlnf)g{PZ,W), 
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(iv) 9{rxY,Z)=g{QxY,FZ) = 0, 
(v) g{QzX,FZ) = Icos''e{Xlnf)\\zr, 
for each X,Y eD andZ e D\ 
Proof. As MT is totally geodesic in M, (Vx-P)^ e D. Using this fact in (1.3.8), 
we obtain 
g{Vxy,Z) = -g{th{X,Y),Z) 
= g{h{X,Y),FZ). 
The left hand side is skew symmetric whereas the right hand side is symmetric in 
X and Y in the above equation. That means 
g{h{X, Y), FZ) = g{VxY, Z) = 0. (3.2.1) 
This proves the statement (i). 
As M is nearly Kaehler manifold, VxY + VyX = 0. Using this fact in (1.3.8) 
we get 
0 = (VxP)Z + {VzP)X - 2th{X, Z) - ApzX. (3.2.2) 
On the other hand, by (1.3.3) and Theorem 1.4.1 (ii), 
{VxP)Z = 0, and {VzP)X = {PXlnf)Z - {Xlnf)PZ 
On substituting these values, equation (3.2.2) takes the form 
{PXlnf)Z - {Xlnf)PZ = 2th{X, Z) + ApzX. (3.2.3) 
Taking product with Z in both sides of the above equation we have 
{PXlnf)g{Z,Z) = 2g{th{X,Z),Z) + g{AFzX,Z) 
= -2g{h{X,Z),JZ)+g{h{X,Z),FZ) 
= -g{h{X,Z),FZ). 
Replacing X by PX, we get 
gih{PX,Z),FZ) = iXlnf)\\Zf. 
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This proves statement (ii). 
It follows from the above that 
g{h{PX, Z), FW) + g{hiPX, W), FZ) = 2{Xlnf)g{Z, W) 
for any X e D SLad Z,W e D^. Therefore, for orthogonal vector fields Z,W € D^ 
g{h{X, Z), FW) + g{h{X, W), FZ) = 0 (3.2.4) 
for any X e D. Now, taking product with W £ D^ in (3.2.3) gives 
{PXlnf)g{Z, W)-{Xlnf)giPZ, W) = -2g{h{X, Z), FW)+g{hiX, W), FZ). 
Interchanging Z and W and subtracting the obtained equation from the above, we 
get 
g{h{X, Z),FW) - g{h{X, W), FZ) = '^{Xlnf)g{PZ, W). 
This proves the statement (iii) of the Lemma. 
For orthogonal vector fields Z and W, it can be deduced from (3.2.4) and the 
last equation that 
g{h{X,W),FZ) = ~g{h{X,Z),FW) = -^{Xlnf)g{PZ,W). (3.2.5) 
In particular for W = PZ, the above formula on taking account of (1.3.18) yields 
g{h(X,PZ),FZ) = -g{h{X,Z),FPZ) = -^cos''e{Xlnf)\\Zf. (3.2.6) 
Now, by (1.3.9) 
QxY = iVx)Y + hiX, PY) - fh{X, Y). 
Taking product with FZ in both sides gives 
g{QxY,FZ) = -g{VxY,Z) + g{h{X,PY),FZ)-g{fh{X,Y),FZ), 
= g{Y, VxZ) + g{h{X, PY), FZ) + gih(X, Y), JFZ). 
The first two terms on the right hand side vanish by formula (ii) of Theorem (1-4.1) 
and by statement (i) of Lemma 3.2.1 respectively, whereas 
g{fh{X, y ) , FZ) = g{h{X, Y), FPZ), 
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by (1.3.23), which is zero, again by statement (i). Hence, we deduce that 
giQxY,FZ) = {). 
Equation (3.2.1) and the last equation prove statement (iv), i.e., 
9{VxY,Z)=^g{QxY,FZ) = Q. 
Similarly, by (1.3.9) for X G D and Z e D\ we can write 
h{JX, Z) = QzX + {Xlnf)FZ + fh{X, Z). (3.2.7) 
Taking product with FZ in (3.2.7) and using Theorem 1.4.1 (ii) gives 
g{QzX, FZ) = g{h{PX, Z), FZ) - {Xlnf)g{FZ, FZ) - g{fh{X, Z), FZ). 
Making use of formula (1.3.19), Lemma 3.2.1 (ii) and (1.3.23)(g), the above equation 
takes the form 
g{QzX,FZ) = ~sin''dXlnf\\Z\\'' + {Xlnf)\\Zf - g{h{X,Z),FPZ). 
Applying formula (3.2.6) in the last term and simpUfying the expression, we get 
g{QzX, FZ) = ^ cos2 9{Xlnf)\\Zf. (3.2.8) 
This completes the proof of the Lemma. 
Let {Xi,X2 ,Xp,Xp+i = JXi, ,X2p = JXp] and {Zi,Z2,....Zi,Zi+i = 
PZ ^ ^ ? l ^ ^ 
•^••••,Zq = -^} be local frames of orthonormal vector fields on Mr and Me re-
spectively. Now, for X e D, 
t 9{h{X, Zsl FZrf = 19ih{X, Zr), FZrf + E 9{h{X, Z,), FZ,)' 
r,s=l r=l r^/is 
9/2 
= 2q{PXlnff + ^ E [9{KX. Z,), FPZrf 
r=l 
^g{h{X,PZr),FZr.f]. 
It can be noted that g{h{X, Zs), FZ,) = 0 for Z^ ^ Z, &c PZ, due to formula (3.2.5). 
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Now, using formulae (3.2.6), the above equation takes the form 
f2 9{HX, Zs), FZrf = 2q{PXlnff + ^ cos^ e{Xlnff. 
r,a=\ 
Replacing A" by a basic vector field Xi and taking summation over i in both sides 
of the above equation while making use of the formula (1.1.1), we get 
Y,Y.g{h{XuZslFZrf = 2g(l + ^ cos'e)\{Vlnff. (3.2.9) 
i = l r,a=l 
Let us denote E E ||/iFD<'(^i,-^r)|| by \\hFDo{{D,D^)\\ and 
t = l r = l 
E E \\K{XuZr)\\ by \\K{iD,D')\\. Then we obtain 
t = l r = l 
Theorem 3.2.1. Let M be a semi-slant warped product submanifold of a nearly 
KaehLer manifold M. Then 
||/ipDe((D,D'')f = 2gcsc2e(l + ^cos2 0)||ViTi/f, (3.2.10) 
and 
\\fhFD^{D,D')f = 2qcot'9{l + ^cos^ 61)11 VZn/||2 (3.2.11) 
Proof For any X E D and Z E if, by (3.1.7), we have 
\\hFD^{X,Z)f =g{hFD^{X,Z),hFo<X,Z)) = c^^eY,g{h{X,Z),FZrf. 
r 
Replacing X and Z by basic vector fields in the above expression and taking sum-
mation over e = 1,2, 2p and r,s = 1,2, q, we get 
\\hFr>e{D,D')f = Y.Y. esc'9g{h{X,,Zs), FZrf. 
1=1 r,s=l 
In view of (3.2.9), the right hand side of the above equation is 2q csc2(l-)-| cos^ 9)\\Vlnff. 
Hence, 
\\hFoe{D,D')f - 2gcsc2(l + ^ cos'O^S/Inf\\\ 
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This proves (3.2.10). Similarly, replacing X and Z by basic vector fields Xj and Z^ 
respectively in (3.1.8) and taking summation over i, r and 5, we get 
2p q 
\\fhpDe{D,D')\\' = cot^e J ] J2 9{KX,,Zs\FZr)\ 
t = l r ,s=l 
Making use of Lemma 3.2.1, formulae (3.2.5) and (3.2.9) in the above equation we 
obtain (3.2.11). 
Now, before finding an estimate for ||/i^(D, D^)|| we prove the following 
Lemma 3.2.2. On a semi-slant warped product submanifold of a nearly Kaehler 
manifold M we have 
E l E g{KPXi,ZslFZr).9{h{Xi,PZs),FZr) 
i = l r ,s=l 
- g{h{XuZslFZr).g{h{PXi,PZ,),FZr)] 
= - f cos2^||V/n/||2, (3.2.12) 
where {Xi, X2 Xp, PXi, PXj,} and {Z,, Z2, ....Z,/2, ^ , ^ } are adapted 
frames of orthonormal vector fields on MT and Me respectively. 
Proof. 
E l E g{h{PXi,Zs),FZr).g{hiXuPZs),FZr)] 
t = l r ,s=l 
= E [ E giHPXi, Zr), FZr)g{h{Xi, PZr),FZr) 
t=l r=l 
+ E g{h{PXi, Zs), FZr)gih{Xu PZ,), FZr)]. 
= E [ E gihiPXi, Zr), FZr).g{h{Xi, PZr), FZr.) 
1=1 r = l 
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q/2 
+ E giHPXi, Zr), FZr+l).9{h{Xi, PZr), FZr+l). 
r=l 
q/2 
+ E 9ih{PXu ^ ) , F^.).5(M^i, S f ) , i^ ^^ r)]. 
r=l 
The terms containing Zg and Z^ in the series with Z^ ^ Zr , PZr vanish in view 
of formula (3.2.5). Now using (3.2.6), Lemma 3.2.1 (ii), (1.3.17) and (1.3.18), the 
above summation takes the form 
t,[-f cos''e{Xilnff - ^cos''e{PXilnff] 
i=l 
= - I cos2 e ZliXilnfY + [PXilnff]. (3.2.13) 
i= l 
Hence, by using (1.1.1) in the above expression we get 
Ut9{HPXuZ,),FZr).9{h{Xi,PZ,),FZr)] 
»=1 r = l 
=- | cos2^ | |V /n / | | 2 . (3.2.14) 
Since the second term in the left hand side of (3.2.12) can be obtained from the first 
one on replacing X'^s by PX^s (with negative signatures) and the terms in (3.2.13) 
are square terms, it follows that 
gih{PXi, Zs), FZr).g{h{Xi, PZ,),FZr) 
=|cos2^| |VZn/| |2. (3.2.15) 
However, (3.2.15) can also be proved on the same lines as (3.2.14). Now, from 
(3.2.14) and (3.2.15), we obtain (3.2.12). 
3.3 Semi-slant warped product submanifolds 
of a generalized complex space form 
As the class of generalized complex space forms includes nearly Kaehler manifolds of 
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constant holomorphic sectional curvature it is worthwhile to obtain estimates of the 
squared norm of the second fundamental form in the setting of generalized complex 
space forms. To this end, we prove Theorem 3.3.1. 
Prom the definition (1.2.5), 
\\hf = Y:9ih{Xi,Xj),h{Xi,Xj))+ E t9iHXi,Zr),h{Xi,Zr)) 
+ t g(h{Zr,Z,),h{Zr,Zs)). 
r,s=l 
Theorem 3.3.1. Let M = MT Xf Mg be a semi-slant warped product submanifold 
of a generalized complex space form M{c, a). Then, we have 
\\hf > qAlnf + (f cos2^(l - 2cose(^e) + 2q{l + ^))\\Vlnff 
+\\QDD'f + ^^sm^O, (3.3.1) 
where h denotes the second fundamental form of the immersion of M into M{c,a), 
Alnf is the Laplacian of Inf, Vlnf is the gradient of Inf, 2p and q are the real 
dimensions of Mr and Me respectively. 
If the equality sign in (3.3.1) holds identically, then MT is a totally geodesic 
submanifold and Mg is a totally umbilical submanifold of M. Moreover, in this case 
g{K{PX, Z), K{X, PZ)) = g{K{X, Z), K{PX, PZ)), 
for each X € D and Z e D^. 
Proof. FoT X e D and Z e D^, the equation of Coddazi is written as 
R{X, JX, Z, FZ) = 9{VJch{JX, Z), FZ) - g{VJxh{X, Z), FZ) 
+9ih{VjxX, Z), FZ) - g{h{VxJX, Z), FZ) 
+g{h{X, VjxZ), FZ) - g{h{JX, VxZ), FZ), (3.3.2) 
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where 
g{VJih{JX, Z), FZ) = X.9{h{JX, Z), FZ) - g{h{JX, Z\ VJ^FZ). (3.3.3) 
In view of formula (ii) of Lemma 3.2.1, 
X.g{h{JX,Z),FZ) = {X.{Xlnf) + 2{Xlnff}\\Zf, (3.3.4) 
whereas on making vise of (3.2.7) and (1.3.9), the second term in (3.3.3) is expressed 
as 
g{h{JX,Z\Vj,FZ) = -\\QxZf + {Xlnf)g{QxZ,FZ) 
^{XlnffWZf + {Xlnf)g{FZ, fh{X, Z)) 
-g{h{PX, Z), h{X, PZ)) + g{fh{X, Z), fh{X, Z)), 
which on using (3.2.8), (1.3.23) (g) and Lemma 3.2.1 (ii), reduces to 
g{h{JX,Z),V^FZ) = -\\QxZr + il-lcos^9){XlnfnZf 
-g{h{PX,Z),h{X,PZ)) 
+g{fh{X,Z),fh{X,Z)). (3.3.5) 
On substituting from (3.3.4) and (3.3.5), equation (3.3.3) takes the form 
g{VJih{JX,Z),FZ) = X{Xlnf)\\Z\\^ + {l + lcos^9){XlnfnZ\\' 
+11 QxZ\\^ + g{h{PX, Z), h{X, PZ)) 
-g{fhiX,Z),fh{X,Z)), (3.3.6) 
where 
g{h{PX,Z),h{X,PZ)) = g{hpMPX,Z),hFDo(X,PZ)) 
+g{K{PX,Z),K{X,PZ)), 
which on taking account of (3.1.6) simplifies to 
g{h{PX,Z),h{X,PZ)) = csc''j:9ihiPX,Z),FZr)g{h(X,PZ),FZr) 
+g{h[{PX, Z), K{X, PZ)), (3.3.7) 
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where Zi^Z^-, Zq is an orthonormal frame of vector fields on Me- On the 
other hand, 
g{fh{X, Z), fh{X, Z)) = \\fhpno{X, Z)f + \\fK{X, Z)\\\ 
and by (3.1.8) we have 
\\fhFn^{X,Z)f = coe9j29{h{X,Z),FZrf. (3.3.8) 
r 
Taking account of (3.3.7) and (3.3.8) the equation (3.3.6) takes the form 
g{VJth{JX,Z),FZ) = X{Xlnf)\\Zf + {l + lcos'9){XlnfY\\Zf 
+ csc2 ^ E giKPX, Z), FZr)g{hiX, PZ), FZ^) 
r 
+g{K{PX, Z), KiX, PZ)) - \\K{X, Z)\\' 
-cot'9j:g{h{X,Z),FZr)' + WQxZf. (3.3.9) 
r 
Similarly, 
g{Vjjch{X,Z),FZ) = -JX{JXlnf)\\Z\\''-{l + lcos^9){JXlnf)^Z\\^ 
+ CSC'9Y: 9{h{X, Z), FZr)g{h{PX, PZ), FZ,) 
r 
+g{KiX,Z),h,{PX,PZ)) + \\KiJX,Z)f 
•^cotHY^g{h{PX,ZlFZrf - WQjxZf. (3.3.10) 
r 
Now, taking account of Lenuna 3.2.1 (ii) and the fact that Mr is totally geo-
desic in M, we get 
g{hiVxJX,Z),FZ) = -{JVxJX)lnfg{Z,Z) 
= -g(VzJVxJX,Z) 
= -giVxJX,JVzZ) 
= -{g{VxX, VzZ) + g{Jh{X, JX), VzZ)). 
Similarly, 
50 
g{h{VjxX,Z),FZ) = -{JVjxX)lnfg{Z,Z) 
= -{giVjxJX, VzZ) + g{Jh{X, JX), VzZ)). 
Thus 
g{h{VjxX, Z), FZ) - g{h{VxJX, Z), FZ) 
= g{VxX, VzZ) + giVjxJX, VzZ) 
= -{{VxX)lnf) + {VjxJX)lnf))\\Z\\\ (3.3.11) 
On the other hand, by Theorem 1.4.1 (ii) and Lemma 3.2.1 (ii), we have 
g{h{X, VjxZ), FZ) - g{h{JX, VxZ), FZ) 
= -{{Xlnff + {JXlnff)\\Z\\\ (3.3.12) 
Now, substituting the values from (3.3.9), (3.3.10), (3.3.11) and (3.3.12) into (3.3.2), 
we get 
R{X,JX,Z,FZ) = [X{Xlnf) + JX{JXlnf) 
-{VxX)lnf + iVjxJX)lnf]\\Zf 
+1 cos2 9[{Xlnf)^ + {JXlnf)^]\\Z\\ 2 
+ csc2 e U9ih{PX, Z), FZr)g{h{X, PZ), FZr) 
r 
-g{h{X, Z), FZr)g{h{PX, PZ), FZr)]\\Z\\^ 
-cot'eU9{h{X,Z),FZr)^ + g{hiPX,Z),FZr)']\\Zr\\' 
r 
+g{K{PX, Z), KiX, PZ)) - g{K{X, Z), K{PX, PZ)) 
-\\K{X,Z)f - \\K{JX,Z)r + WQxZf + WQjxZW'. 
Choosing X,Zas basic vector fields on Mr and Me , and evaluating R{X, JX, Z, FZ) 
thjough Coddazi equation, we get 
51 
R{Xi,JXi,Zr,FZr) = [XiiXilnf) + JXiiJXilnf) 
-{VxMlnf - i'7jx,JXi)lnf]\\Zrr 
+lcosmXilnf)^ + (JXilnfmZrf 
+cs(^e EMhiPXi, Zs), FZMhiXi, PZs), FZr) 
r 
-{9{h{Xi, Zs), FZr)9ih{PXi, PZs), FZr)]\\Zrf 
-cotH Y:MKXU ZS), FZrf + g{h{PXu Zs), FZrf] \\Zrf 
r 
+giK{PXi, Zs), K{Xi, PZs)) - g{K{Xi, Zs), K{PXi, PZs)) 
-\\K{Xi,Zr)f - \\K{JXuZr)r + WQxM' + WQjxM'-
On the other hand, by formula (1.1.12) 
2p q 
X : E R(Xi, JX„ Zr, FZr) = P^i^sin'e. 
t = l r = l 
Making use of this fact, together with (1.1.1),(1.1.2), (1.1.12), (3.2.9) and (3.2.12), 
while taking summation over i = 1,2,....p;r,s = l,2....q, we obtain 
\\h,{D, D^)f > qAlnf + f cos^  d\\Vlnff ~ f cot^ ^||V/n/||2 
-2qcot^e{l + lcos-'e)\\Vlnf\\^+\\QDD^^ 
-sai^sm'e, (3.3.13) 
where we have denoted £ E llQx,^r||^ by- | | Q D ^ 1 | ^ 
i = l r = l 
Now, combining (3.2.10) and (3.3.13), we arrive at 
\\hf > qAlnf+lcos'^e-Iqcot'^9 +2qil + ^)\\Vlnff 
+ \\QDDY + sa(^ sin''9. 
That is, 
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\\hf > 9A/n/ + (fcos2^(l-2cosec2^) + 2g(l + ^ ) | | V / n / | | 2 
+\\QDD'f +^^sinH. 
If the equality case of (3.3.1) holds identically, then 
h{D, D) = 0, h{D\ D^) = 0, (3.3.14) 
and 
g{K{PX, Z), K{X, PZ)) = g{K{X, Z), K{PX, PZ)) 
for each X e D and Z G D^. 
Since Mr is totally geodesic in M, the first equality in (3.3.14) impUes that 
MT is totally geodesic in M. Further, if /12 is the second fundamental form of the 
immersion of Me in M, then by (1.2.2) and Theorem 1.4.1 
/i2(Z, W) = -g{Z, W)Vlnf (3.3.15) 
for each Z,W e D^. (3.3.15) and the second relation in (3.3.14) imply that Me is 
totally umbilical in M. 
Corollary 3.3.1. On a CR-warped product submanifold of a generalized complex 
space form M{c, a), the squared norm of second fundamental form satisfies 
\\hf >^ qAlnf + 2q^Vlnff + WQoD^f + S ^ . 
Corollary 3.3.2. On a CR-warped product submanifold of S^ 
' > q{Alnf + 2||VZn/||'} + WQoD'-f. 
Corollary 3.3.3. On a CR-warped product submanifold of a complex space form 
\\hf>q{Alnf + 2\\Vlnfr}. 
The above inequahty is obtained in [22]. 
Chapter 4 
CR-Warped Product Submanifolds of Locally 
Conformal Kaehler Manifolds 
The study of CR-submanifolds as warped products was extended to the setting 
of l.c.K. manifolds by V.Bonanzinga, K.Matsiunoto and M.I.Mimteanu [9], [46], 
[47], [50] etc. In view of the applications of warped product spaces, it is funda-
mentally important to see that how a submanifold be made isometric to a warped 
product submanifold. In the present Chapter, we have considered this problem for 
CR-submanifolds of l.c.K. manifolds and have obtained various characterizations in 
terms of the canonical structures P and F under which the submanifold reduces to 
a CR-warped product submanifold. 
4.1 CR-submanifolds of locally 
conformal Kaehler manifolds 
Let M be a CR-submanifold of an l.c.K. manifold M. Then in view of the decom-
position (1.3.20), we may introduce projection operators B and C onto D and D-'-
respectively, i.e., for any U G TM, we Avrite 
U = BU + CU, BUeD, CU€D^. (4.1.1) 
Similarly, we may write 
T^M = JD^ © u, 
then, we have t{T^M) = D^, and f{T^M) C u. 
As M is a submanifold of an l.c.K. manifold, by (1.1.14), we have 
{VuJ)V = ^(A, JV)U - g{X, V)JU + g{JU, V)\ + g{U, V)JX 
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for anyU,Ve TM. Therefore, by using (1.1.7) we get ^"^'i:;,^, 'S^^i^'^* ^ ' 
VuJV - JVuV = g{X, JV)U - g{X, V)JU + g{JU, V)X + giJJ, V)J\. 
Using (1.3.1), (1.3.2), (1.2.2) and (1.2.3), the left hand side of the equation becomes 
VuPV + h{U, PV) - ApvU + V^FV - PVuV - FVyV - th{U, V) - fh{U, V). 
Using the formulae (1.3.3), (1.3.4) and comparing the tangential and normal parts 
in the equation, we obtain 
{VuP)V = AFVU + th{U, V) + g{U, V){JX)T + g{JU, V){X)T 
-g{X,V)PU - g{J\V)U, (4.1.2) 
{VuF)V = fh{U, V) - h{U, PV) + g{U, V){JX)r, 
+g{JU,V){X)N -g{X,V)FU, (4.1.3) 
where the suflSx T and N denote the tangential and normal parts respectively. In 
particular, if the ambient manifold is Kaehler, the above formulae reduce to the 
formulae (1.3.12) and (1.3.13). 
Let us recall that a submanifold of an almost Hermitian manifold M is a CR-
product if it is locally a Riemanniem product of a holomorphic submanifold Mr and 
a totally real submanifold Mx of M. Obviously, a CR-product is a CR-submanifold, 
whereas, a CR-submanifold is a CR-product if and only if the distributions D and 
D^ are integrable and their leaves are totally geodesic in M. B. Y. Chen obtained 
the following characterization for a CR-submanifold of a Kaehler manifold to be a 
CR-product. 
Theorem 4.1.1 [15]. A CR-submanifold of a Kaehler manifold M is a CR-product 
if and only if 
VP = 0. 
As an immediate consequence of the above characterization, the following The-
orem is proved: 
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Theorem 4.1.2 [15]. A CR-submanifold M in a Kaehler manifold M is a CR-
product if and only if 
AjD±D = 0. 
As an extension of the above characterization, D.Blair and S.Dragomir [8] 
proved: 
Theorem 4.1.3 [8]. Let M"* be a CR-submanifold of an l.c.K. manifold M^". 
Then the following statements are equivalent 
(i) P is parallel 
(ii) M is locally a Riemannian product M^^ x M ' where M^^ (respectively M^) is a 
holomorphic (respectively totally real) submanifold of M^", and either AT = 0 
i.e., M^" is normal to the Lee-field of M^^, or Ay 7^  0 and then XT ^ D and 
p=l i.e., M^ is a complex curve in M^". 
The equivalent version of the above characterization in terms of the shape op-
erator is obtained by K. Matsumoto as: 
Theorem 4.1.4 [45]. A CR-submanifold of an l.c.K. manifold M is a CR-product 
if and only if the endomorphism P is parallel or equivalently the following condition 
is satisfied 
AjzX = giJX, Z)X - g{X, Z)JX - g{JX, X)Z (4.1.4) 
for all X in D and Z in D^. 
CR-warped products can be viewed as a generalized version of CR-products. 
It is therefore natural to seek characterizations under which a CR-submanifold be-
comes a CR-warped product and are extensions of the above conditions. These 
conditions are worked out in section 2. The remaining part of section 1, however, is 
devoted to develop some essential formulas to be used subsequently. 
Let M be a CR-submanfold of an l.c.K. manifold M. Then for X,Y E D and 
Z G £)-'-, it is easy to derive that 
g{{VxP)Y - {VYP)X, Z) = 2g{JX, Y)g{X, Z). 
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Making use of (1.3.3) while taking account of the fact that PU G D for any U e TM, 
the above equation yields 
g{VxPY - VYPX, Z) = 2g{JX, Y)g{\, Z). 
Hence, we conclude 
Theorem 4.1.5. On a proper CR-submanifold of an l.c.K. manifold, the Lee-
vector field X is orthogonal to D^ if and only ifVxPY — VyPX lies in D for each 
X,YeD. 
As an immediate consequence of the above Theorem it follows that 
Corollary 4.1.1. On a CR-product submanifold of l.c.K. manifold, A is orthogonal 
toD^. 
The above observation was proved in [45]. 
Theorem 4.1.6. Let M be a CR-submanifold of an l.c.K. manifold M with X 
orthogonal to D^. Then the holomorphic distribution on M is involutive if and only 
if 
g{{VxP)JY-iVjxP)Y,Z) = 0 
for each X,Y e D and Z e D^. 
Proof. As A orthogonal to D^, by making use of (4.1.2), we obtain 
g{{VxP)Jy - {^jxP)Y, Z) = gih{JX, Y) - h{X, JY) - 2g{X, JY)X, JZ). 
The assertion follows on using Theorem 1.3.5. 
4.2 CR-warped product submanifolds 
The necessary and sufficient condition for a CR-submanifold to be a CR-product 
(cf. Theorem 4.1.2) was generalized by B.Y.Chen [15] while studying CR-warped 
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product submanifolds of Kaehler manifolds. To this setting, he proved 
Theorem 4.2.1 [19]. A proper CR-submanifold of a Kaehler manifold M is locally 
a CR-warped product if and only if 
AjzX = {JXfj,)Z, XeD,ZeD^ 
for some function n on M satisfying Wfi = 0 for each W E D^. 
Our aim in this section is to prove the following Theorems 
Theorem 4.2.2. A proper CR-submanifold M of an l.c.k manifold M with the 
Lee-vector field X orthogonal to D^ is a CR-warped product submanifold if and only 
if there exist a C°°-function fi on M such that Zfi = 0 for all Z 6 D^ and 
{VuP)V = g{BU,BV)PXT + {PBVfx)CU-\-g{CU,CV)PVfi 
+g{JBU, BV)XT - g{X, BV)JBU - g{JX, BV)BU (4.2.1) 
for all U,V eTM . 
Theorem 4.2.3. A proper CR-submanifold M of a l.c.k manifold M with X or-
thogonal to D^ is a CR-warped product submanifold if and only if 
{VuF)V = -BV{n)JCU + fh{U, CV) + g{CU, CV){JX)N (4.2.2) 
for any U,V e T{M) and W € D^, where ^ is a C^-function on M such that 
Wft = 0, for all WeD^. 
Let M — MT XfMx be a CR-warped product submanifold of an l.c.K. manifold 
M. Then by Theorem 1.4.1, we have 
Vx-^ = V^X = {Xlnf)Z (4.2.3) 
for each X e D and Z e D^. 
Before proving the above Theorems we first establish some preparatory results. 
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Lemma 4.2.1. On a proper CR-warped product submanifold of an l.c.K. manifold, 
the Lee-vector field A is orthogonal to D^. 
Proof For X , y 6 D and Z G D^, by making use of (1.2.2), (1.1.3) and (1.1.7) an 
expression for g{h{X, Y), JZ) can be worked out as follows 
g{h{X,Y),JZ) = g{VxY,JZ) 
= g{{VxJ)Y,Z)-g{VxJY,Z) 
= g{{VxJ)Y,Z)+g{JY,VxZ). 
The second term in the right hand side of the above equation vanishes due to for-
mula (4.2.3), whereas, the first term on using (1.1.14) reduces to g{JX, Y)g{\ Z) + 
g(X, Y)g{JX, Z). Thus, the equation takes the form 
g{h{X, r ) , JZ) = g{JX, Y)g{X, Z) + g{X, Y)g(JX, Z). 
Interchanging X and Y, then adding and subtracting the obtained equation from 
the above, we get 
g{h{X, r ) , JZ) = g{X, Y)g{J\, Z), (4.2.4) 
and g{JX,Y)g{X,Z) = 0. (4.2.5) 
The Lemma is proved by virtue of (4.2.5). 
On taking account of the fact MT is totally geodesic in M = Mr x/ M± (of. 
Theorem 1.4.2), the assertion of the Lenuma also follows from Theorem 4.1.5. 
Lemma 4.2.2. Let M = MT X/ M_i be a CR-warped product submanifold of an 
l.c.k manifold M, then we have 
{VuP)Z = g{CU,Z)PiVlnf) 
for each U € TM and Z e D-^. 
Proof Applying formula (1.3.3) while taking account of the facts that PZ = 0 for 
each ZeD^ and g(PU, V) = -g{U, PV), we obtain 
g((VuP)Z,X)^g{VuZ,PX) 
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for each X e D, which by using (4.1.1) is expressed as 
9iiVuP)Z, X) = g{VBuZ, PX) + g{VcuZ, PX). 
In view of formula (4.2.3), the first term in the right hand side of the above equation 
vanishes and the second term reduces to -{PXlnf)g{CU, Z). Therefore, by formula 
(1.1.1), the equation can be written as: 
g{{VuP)Z, X) = g{CU, Z)g{PVlnf, X). 
As (VuP)Z Ues in D, it follows from the above equation that 
iVuP)Z = g{CU,Z)P{'^lnf). 
This proves the Lemma. 
If AT and A^ ^ denote the tangential and normal parts of the Lee-vector field A, 
then we have 
Lemma 4.2.3. On a CR-warped product submanifold of an l.c.k manifold we have 
(i)th{X,Y) = -giX,Y)tXN, 
(ii) thiX,Z) = {JXlnf + g{JX,X))Z 
for each X,Y e D and Z e D-^. 
Proof. By Gauss formula, we have 
gih{X,Y),JZ) = g(VxY,JZ) 
= -g{JVxY,Z) 
= g{{VxJ)y-VxJY,Z). 
Using (1.1.14) and the Gauss formula, the right hand side of the above equation 
reduces to g{X, Y)g{JX, Z). Thus, we obtain 
g{th{X,Y),Z) = -g{X,Y)g{JX,Z). (4.2.6) 
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The assertion (i) follows on taking account of the fact that t( G D^ for all ^ € T-'-M. 
To prove statement (ii), consider g{h(JX, Z), JW) 
g{h{JX,Z),JW) = 9{VzJX,JW) 
= gi{VzJ)X + JVzX,JW). 
Using formulae (1.1.14), (1.1.3) and (4.2.3), the above equation reduces to 
gihiJX,Z),JW) = {Xlnf-g{X,X))giZ,W). 
Replacing X by JX, the above equation takes the form 
gith{X, Z\ W) = {JXlnf + g{JX, X))g{Z, W). 
As t^ G £>"*• for each $, e T^M, the statement (ii) follows from the above equation. 
Proof of Theorem 4.2.2 
Let M = MT y-fM± be a CR-warped product submanifold of an l.c.k. manifold M. 
Since, A is orthogonal to the submanifold M± (cf. Lemma 4.2.1), by formula (4.1.2), 
iVxP)Y = thiX, Y) + g[X, Y){J\)T + g{JX, Y)\T - g{\ Y)JX - g{JX, Y)X 
for each X,Y £ TMT, which on making use of Lemma 4.2.3 (i), takes the form 
{VxP)Y = -g{X, Y)tXN + g{X, r ) ( J A ) T + giJX, Y)XT - ^(A, Y)JX - g{JX, Y)X. 
(4.2.7) 
On the other hand, by formula (1.3.3) and the fact that PZ = 0 for each Z G TM^, 
we have 
{VzP)Y = {PYlnf)Z, (4.2.8) 
and by Lemma 4.2.2 
(V[/P)Z = giCU, Z)PVlnf (4.2.9) 
for each U G TM. Now, decomposing U,V by (4.1.1) and combining (4.2.7), (4.2.8), 
(4.2.9), we obtain 
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(V[/P)y = -9{BU, BV)tXN + 9{BU, BV){JX)T - {PBVlnf)CU 
+giCU, CV)PVlnf + g{JBU, BV)XT - p(A, BV)JBU 
-giJX, BV)BU. 
As Ml is orthogonal to A, {JX)T = PXT + IXN- On vising this fact, the above equa-
tion is written as 
{VuP)V = g{BU, BV)PXT - {PBVlnf)CU + g{CU, CV)PVlnf 
+g{JBU, BV)XT - 9{X, BV)JBU - g{JX, BV)BU. 
This proves formula (4.2.1) on the CR-warped product submanifold M. 
Conversely, suppose that M is a CR-submanifold of an l.c.K. manifold with 
Lee-vector field A orthogonal to D^ and (4.2.1) holds for all U,V e TM and n, a 
C°°-fimction on M with Zfx = 0 for all Z E D^. Then, the holomorphic distri-
bution D on M is involutive by Theorem 4.1.6. Moreover, it follows from (4.2.1) 
that {yxP)Y hes in D for each X,Y E D. Hence, by formula (1.3.3) VxPY e D 
showing that D is parallel and therefore the leaves of D are totally geodesic in M. 
Let Mj. be a leaf of D^, V' the Levi-Civita connection on M± and h' the second 
fundamental form of M_i into M. Then for any X e D and Z,W e D^, by Gauss 
formula, 
0 = g{V'zW,X) = g{VzW - }{{Z,W\X). 
That means 
g{h:{Z,W),X) = g{VzW,X) = g{VzW,X) = g{JVzW,JX) 
= g{VzJW-{VzJ)W,JX) 
= -g{AjwZ\ JX) - g{{VzJ)W, JX). 
It is easy to see that, the second term in the right hand side of the above equation 
takes the form g{{VzP)W - AjwZ, JX). Thus, the above equation on making use 
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of (4.2.1) yields 
g{h'{Z,W\X) = -g{Z,W)g{Vn,X). 
Hence, 
h'{Z,W) = -g{Z,W)Vfi. 
This shows that leaves of D-^ are totally umbiUcal in M with mean curvature vector 
V/x. Moreover the condition Zfi = 0 for all Z G D^ impUes that mean curva-
ture is parallel. That is, the leaves of D^ are extrinsic spheres in M. Hence, by 
virtue of Theorem 1.4.3, we get that M is locally a CR-warped product submanifold 
MT X/ Ml of M. 
Now, in terms of the shape operator, we prove 
Theorem 4.2.4. Let M be a CR-submanifold of an l.c.k manifold M with A or-
thogonal to D^. Then M is a CR-warped product submanifold if and only if 
AjzX = g{JX, Z)X - ((JXM) + 9{JX, X))Z (4.2.10) 
for each X E D, Z G D-^ and /i a C°°-function on M such that Zn = 0, for all 
ZeD^. 
Proof By formula (4.1.2), 
AjzX = {VxP)Z - th{X, Z) + g{JX, Z)X. 
If M is a CR-warped product submanifold of M, then by (4.2.1), {VxP)Z = 0. 
Thus on applying Lemma 4.2.3 (ii), we obtain (4.2.10). 
Conversely, suppose that M is a CR-submanifold of M with A orthogonal to D-"-
and satisfying (4.2.10) for some function // on M such that Wji = 0 for all W 6 D^. 
Then, 
g{h{X, JY) - h{Y, JX), FZ) = giApzX, JY) - g{ApzY, JX) 
for any X,Y e D a.nd Z E D^. Applying (4.2.10) in the right hand side of the 
above equation, we have 
g{h[X, JY) - h{Y, JX), FZ) = 2p( JA, Z)g{X, JY), 
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which on taking account of Theorem 1.3.5 shows that D is involutive. Moreover, 
since the totally real distribution is involutive ( cf. Theorem 1.3.11), M is foliated 
by the leaves of D and D^, namely, MT and M± respectively. Now, taking product 
in (4.2.10) with Y eD gives 
{AjzX,Y)=g{JX,Z)g{X,Y). 
On using (1.2.3) the above relation is written as 
9{VxJZ,Y) + 9{JX,Z)g{X,Y) = 0. 
That can further be simplified as 
0 = -giVxY,JZ) + giJX,Z)g{X,Y) 
= g{JVxY,Z) + giJX,Z)g(X,Y) 
= g{VxJY, Z) - g{{VxJ)Y, Z) + g{JX, Z)g{X, Y) 
= g{VxJY, Z) - g{{VxJ)Y, Z) + g{JX, Z)g{X, Y). 
The last equation, on using (1.1.14) takes the form 
g{VxJY,Z)=^g{X,JY)g{X,Z). 
As A is orthogonal to D^, it follows from the above equation that the leaves of D 
are totally geodesic in M. 
Let Mi. be a leaf of D^, V' be the Levi-Civita connection on Mx and K be the 
second fundamental form of Mx into M. Then by Gauss formula, 
0 = ff(V>;X) = g{VzW - K{Z,W),X) 
for any X e D SLn.<\ Z,W e D^. That means 
g{h:{Z,WlX) = g[VzW,X) 
= 9i^zW,X) 
= g(VzJW-(VzJ)W,JX). 
By using (1.1.14) and (1.2.3), the above equation takes the form 
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g{h'{Z, W), X) = -giAjwJX, Z) - g{Z, W)g{X, X). 
Now, on taking account of the formula (4.2.10), the above equation can further be 
simplified to yield 
h'iZ,W) = -g{Z,W)Vn, (4.2.11) 
where V/x is the gradient of fi. Now, by the same argxmaent as given in the proof 
of the last Theorem, we get that M is locally a CR-warped product submanifold 
MT X^ MX of M and the proof of the Theorem is complete. 
Note. In particular, if M is Kaehler, then the condition (4.2.10) reduces to the 
condition in Theorem 4.2.1. Thus, the Theorem 4.2.4 provides a generalization to 
the Theorems 4.1.4 and 4.2.1 
Proof of Theorem 4.2.3 
Let M = MT Xf M± be a CR-warped product of a l.c.K. manifold M. Then, for 
X G TMT, U e TM and ^ G T^M, by formula (1.3.4), we obtain 
g{{VuF)X,0 =-g{FVuX,0 
= -9iFVBuX,0 - 9iFVcuX,0. 
The first term in the right hand side is zero as MT is totally geodesic in M (cf. The-
orem 1.4.2), whereas, the second term on using (4.2.3) reduces to {Xlnf)g{FCU,^). 
Thus, the above equation is written as 
g{VuF)X,0 = -{Xlnf)g{JCU,0-
Since {VuF)X lies in JD^ on a CR-submanifold, we deduce from the above equation 
that 
{VuF)X = -{XlnfpCU. (4.2.12) 
On the other hand, using the fact that JU is orthogonal to D-"- for any U G TM, 
PZ = 0 for any Z G D^ and A is orthogonal to the submanifold M±, it follows from 
(4.1.3) that 
{VuF)Z = fh{U, Z) -H g{CU, Z){JX)N. (4.2.13) 
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Formula (4.2.2) is proved by virtue of equations (4.2.12) and (4.2.13). 
Conversely, suppose that on a CR-submanifold M of an l.c.K. manifold with A 
orthogonal to £)-"-, we have 
{VuF)V = -BV{fi)JCU + fh{U, CV) + g{CU, CV)iJX)N 
for any U,V e T{M) and W E D-'-, where /z is a C°°-fimction on M such that 
W/x = 0, for all W G D-'-.Then it is easy to see that 
iVxF)Y = 0 
for all X,Y eD. Thus, by (1.3.4), FVxY = 0. That means Vx^' e D, i.e., D is 
parallel. Therefore, D is integrabie and its leaves are totally geodesic in M. 
Let M± be a leaf of D-^, V' the Levi-Civita connection on Nj_ and h' the second 
fundamental form of M± into M. Then, by similar argument as given in the proof 
of Theorem 4.2.2, the leaves of D-^ are totally umbiUcal in M with mean curvature 
vector V/i. Moreover the condition Wfj. = 0 for all VF € D-^ impUes that mean 
curvatvue is parallel. That is, the leaves of D-^ are extrinsic spheres in M. Hence, 
by virtue of Theorem 1.4.3, we conclude that M is locally a CR-warped product 
submanifold of M with warping function e''. 
Note. In particular, if the ambient manifold M is Kaehler then the conditions 
(4.2.1) and (4.2.2) reduce to 
{VuP)V = {PBV^i)CU + g{CU, CV)PVfi, (4.2.14) 
and 
{VuF)V = fh{U, CV) - BV{iJ,)JCU. (4.2.15) 
The conditions (4.2.14) and (4.2.15) are established in [38] under which a CR-
submanifold of a Kaehler manifold is isometric to a CR-warped product submanifold. 
Thus, Theorems (4.2.2) and (4.2.3) provide generaUzations to the characterizations 
obtained in [38]. 
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Chapter 5 
Generic Warped Product Submanifolds of Locally 
Conformal Kaehler Manifolds 
In the study of generic warped products in Kaehler manifolds, it was observed in 
Chapter 2 that CR-warped products are the only non-trivial warped products with 
one of the factors a holomorphic submanifold. Extending the study to the setting of 
nearly Kaehler manifolds in Chapter 3, it was shown that non-trivial generic warped 
products of the form My X/MQ do exist in nearly Kaehler manifolds whereas warped 
products of the form MQ Xf MT are trivial. We, now investigate the existence of 
generic warped product submanifolds of l.c.K. manifolds. 
Recently, V. Bonanzinga, K.Matsumoto and M.I.Munteanu (cf. [9], [47], [50]) 
studied CR-warped product and waxped product CR-submanifolds of l.c.K. mani-
folds. In the present Chapter, our aim is to extend further the study of such sub-
manifolds by considering generic warped product submanifolds of l.c.K. manifolds. 
To this end a mechanism of constructing generic warped product submanifolds of 
l.c.K.manifolds is devised. A non-trivial generic warped product submanifold of 
l.c.K. manifolds is constructed. Various geometric properties of such submanifolds 
including the estimate of the squared norm of the second fundamental form are ob-
tained in this chapter. 
5.1 Generic warped product submanifolds 
To extend the study of CR-warped product submanifolds, we now consider generic 
submanifolds as warped product submanifolds in an l.c.K. manifold . Throughout, 
the chapter we assume that Mi and M2 are non-trivial Riemannian submanifolds of 
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an l.c.K. manifold M and M = M\ X/ M2, is a generic warped product submanifold 
of M. That is, one of the factors is assumed to be a holomorphic submanifold of M. 
It can be noted that, if Mi is holomorphic, then by Theorem 1.4.1, 
VxZ = VzX = iXlnf)Z, (5.1.1) 
whereas if M2 is holomorphic, then 
VxZ = VzX = {Zlnf)X, (5.1.2) 
for each X e D And Z e D^. 
On a warped product CR-submanifold M = M± Xj Mr of an l.c.K. manifold, 
V.Bonanzinga and K.Matsumoto [9] obtained the following formula 
g{X,Z) = Zlnf, (5.1.3) 
for each Z G D^. Consequently the following theorem is stated. 
Theorem 5.1.1 [9]. In a proper warped product CR-submanifold of an l.c.K. mani-
fold, if the Lee-vector field X is orthogonal to £>-*-, then M is a CR-product and trivial. 
We begin this section by proving some relevant formulas for generic warped 
product submanifolds of an l.c.K. manifold. 
Proposit ion 5.1.1. Let M he an l.c.K. manifold and M = Mi Xf M2 be a generic 
warped product submanifold of M. Then 
g{h{X, Z), FW) = g{h{X, W), FZ), (5.1.4) 
hFDo{X, Y) = -g{X, Y)XFDO (5.1.5) 
for each vector fields X, Y on the holomorphic submanifold and Z, W on the other 
factor of M, where hpooiX^Y) and Xprfi denote the components of h{X,Y) and X 
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respectively in FD^. 
Proof. By Gauss formula, 






-g{VxFZ, W) - g{VxZ, PW). (5.1.6) 
The first term on the right hand side of above equation is zero by virtue of the for-
mula (1.1.14). Now, if Ml is holomorphic, then applying Gauss-Weingarten formulae 
on the remainig terms, the equation takes the following form: 
gih{X, Z), FW) = -g{VxPZ, W) + g{ApzX, W) - g{VxZ, PW), 
which on making use of (5.1.1) becomes 
g{h{X,Z),FW) = 9{AFZX,W) = g{h{X,W),FZ). (5.1.7) 
Similarly, when M2 is holomorphic, by applying (5.1.2), equation (5.1.6) becomes 
same as (5.1.7). That means in both the cases, whether Mi is holomorphic or M2 
is holomorphic, the right hand side of (5.1.6) is equal to g{AFzX, W). This proves 
that on a generic warped product submanifold of an l.c.K. manifold 
g{h{X, Z), FW) = g{h{X, W), FZ). 
To prove (5.1.4), consider (1.1.14), which implies that 
g{{VxJ)Y, Z) = g(JX, Y)g{\, Z) + g{X, Y)g{JX, Z). (5.1.8) 
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The left hand side of the above equation can also be simplified as 
g{{VxJ)Y,Z) = 9{VxJY,Z)-9{JVxY,Z) 
-g{JY,VxZ) + 9iVxY,JZ) 
-g(JY, VxZ) + 9{VxY, PZ) + g^K^, Y), FZ) 
Hence, (5.1.8) can be written as 
g(h(X,y),FZ) = g{JY,VxZ)^9{Y,VxPZ) 
+g{JX,Y)g{\Z) + g{X,Y)g{JKZ). (5.1.9) 
We now have the following two cases: 
Case(i). When Mi is holomorphic. Then by applying (5.1.1), equation (5.1.9) 
reduces to 
g{h{X, F), FZ) = g{JX, Y)g{X, Z) + g{X, Y)g{JX, Z), 
from which one may drive 
g{h{X,Y),FZ) = -giX,Y)g{X,JZ), (5.1.10) 
and 
g{JX,Y)giX,Z) = 0. (5.1.11) 
Prom (5.1.11) it follows that either the holomorphic submanifold Mi is trivial or the 
Lee-vector field A is orthogonal to the submanifold M2. 
Taking account of the above observation in (5.1.10) it follows that on a non-
trivial generic warped product submanifold of an l.c.K. manifold 
g{h(X,Y),FZ) = -g{X,Y)9{X,FZ). (5.1.12) 
Case(ii). When M2 is holomorphic. Then, on using (5.1.2), equation (5.1.9) becomes 
gih{X,Y),FZ) = {Zlnf-giX,Z))g{X,JY) 
+{PZlnf - g{X, JZ))g{X, Y). (5.1.13) 
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Comparing symmetric and skew symmetric terms in the last equation we obtain 
g{h{X, Y), FZ) = {PZlnf - g{X, JZ))g{X, Y\ (5.1.14) 
and 
Zlnf = g{X,Z). (5.1.15) 
Taking accoimt of (5.1.15) in (5.1.14) we deduce that 
gihiX, Y), FZ) = -g{X, FZ)g{X, Y). (5.1.16) 
Hence, by virtue of (5.1.12) and (5.1.16), formula (5.1.14) holds on a generic warped 
product submanifold of an l.c.K. manifold. 
We now establish the following Theorem: 
Theorem 5.1.2. Let M = Mi Xf M2 be a generic warped product submanifold of 
an l.c.K. manifold M. Then 
Uilnf = g{X,Ui) (5.1.17) 
for each Ui E TMi, or else M is a CR-warped product submanifold. 
Proof. If Ml is a holomorphic submanifold, then for U\ e TM\ and C/2, V2 G TM2 
we write 
g{h{JU,,U2lFV2) = g{Vu,JUi,FV2) 
= gi^uJUu JV2) - g{Vu,JUi,PV2) 
= 9{{^uJ)UuJV2)+g{Vu,UuV2) 
-9{VuJUi,PV2). 
The right hand side of the above equation, on taking account of (1.1.14) takes the 
form 
- ^(A, Ui)g(U2, V2) - g{JX, Ui)g{U2, PV2) + giVv.Uu V2) - g{Vu,JUr,PV2), 
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which on making use of fonnula (5.2.1) reduces to 
(Uilnf - g{X, U,MU2, V2) + (y(A, JUi) - JUilnf)g{U2, PV2). 
Hence, on a generic warped product submanifold with first factor a holomorphic 
submanifold 
9{h{UuU2lFV2) = i9i\JUi)-JUilnf)g{U2,V2) 
+{Uilnf - g{X,Ui)g{PU2,V2) (5.1.18) 
for each Ui E TMi and U2, V2 G TM2. Interchanging 172 and Y2, the above equation 
is written as 
gih{Ui,V2),FU2) = ig{X,JUi)-JUilnf)g{U2,V2) 
+Wnf - g{X,Ui)g{PV2,U2). (5.1.19) 
Adding and subtracting the last two equations while making use of (5.1.4), we obtain 
g{h{UuU2),FV2) = {g{X,JU^)-JUilnf)g{U2,V2), (5.1.20) 
and 
Uilnf-giX,Ui)giPU2,V2) = 0. (5.1.21) 
It follows from (5.1.21) that either M is a CR-warped product submanifold or 
U,lnf = g{X,U,). 
On the other hand if M2 is holomorphic, then (5.1.17) is proved by virtue of 
(5.1.15). This proves the assertion completely. 
Note. So far as generic warped product submanifolds of an l.c.K. manifolds are 
concerned, the above Theorm reaffirms that a Kaehler manifold does not admit a 
generic warped product submanifold other than a CR-warped product. 
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As an immediate consequence of Theorem 5.2.1, we have 
Theorem 5.1.3. / / the Lee-vector field X is orthogonal to the first factor, then 
a proper generic warped product submanifold Mi X/ M2 of an l.c.K. manifold is a 
generic product, i.e., a trivial warped product submanifold. 
The above Theorem suggests a method of constructing generic warped product 
submanifolds of l.c.K. manifolds. More precisely, a proper generic warped product 
submanifold may be found in an l.c.K. manifold if the Lee-vector field has a non-zero 
component along the first factor. 
Example 5.1.1. Let M = 5^ x 5^ and E = span{ei, e2,..., eg}. We put 5"* = S'^HE 
4 
and M | = {x = i2^i^i e S'^ : 0 < x^ < 1}. For each point x G M| , let D'^ be 
the subspace of T^l defined by D'^ = {U e T^M^ : {U,JQX) = 0,{U,e^) = 0}. 
where ( , ) denotes the canonical inner product on iE® and Jo is the almost complex 
structure on R^ as defined in Example 1.1.2. 
For each point (e", x) e S^x M2'*, let £>(e«,i) be the subspace of T^gU^yM defined 
by 
D^e»,x) = {(0, U) e r(eit,,)M : U e D'J. 
Now, we may easily observe that A/ = 5^ Xg. M | is a proper generic warped product 
submanifold of M with the holomorphic distribution D. 
In particular for generic warped product submanifold of a Kaehler manifold, we 
conclude that 
Corollary 5.1.1. There does not exist a generic warped product submanifold in a 
Kaehler manifold with first factor a holomorphic submanifold unless the second fac-
tor is totally real. Also, there does not exist a generic warped product submanifold 
of a Kaehler manifold with second factor a holomorphic submanifold, i.e., the only 
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generic warped product submanifolds in a Kaehler manifold are CR-warped products. 
In other words, Theorems 2.1.1, 2.1.2 and 2.1.3 are provable from Theorem 
5.1.3. Now, It can be noted that Theorem 5.1.2 ensures the existence of generic 
warped product submanifolds in l.c.K. manifolds with A having a non-zero compo-
nent along the first factor. The statement can further be extended as: 
Theorem 5.1.4. Let M = MiXf M^ he a generic warped product submanifold of 
an l.c.K. manifold M. Then the Lee-vector field is orthogonal to the second factor 
M2. 
Proof. We have two cases: 
Case(i). When Mi is holomorphic. In this case the assertion directly follows from 
(5.1.11). 
Case(ii). When M2 is holomorphic. Then by Gauss formula we may write 
9ih{Ui,U2),FVi)=g{Vu,U2,FVi), (5.1.22) 
for each Ui,Vi e TMi and U2 e TM2. The right hand side of the above equation 
can be simpUfied as 
9{'^u^U2,FVl) = 9iVu,U2,JVi)-g(Vu^U2,PVi) 
= 9i^u,J)U2,Vi)-g(Vu^JU2,Vi)-giVu,U2,PV,). 
The last two terms in the right hand side of the above equation vanish by applying 
formula (5.1.2) whereas the first term in view of (1.1.14) is written as ^(A, JUiJgiU^ ,V,)-
9{\U2)g{Ui, PVi). Hence the equation (5.1.22) takes the form 
9ih{Ui,U2),FV{)=g{\,JU2)g{U^,V,)-g{\U2)g{UuPV,). (.5.1.23) 




9{\,U2)9{PUuVi) = 0. (5.1.25) 
As both the factors of M are non-trivial, it follows from (5.1.25) that A is orthog-
onal to M2. On the other hand if M is a warped product CR-submanifold (i.e., 
a warped product submanifold of the type Mj. Xy MT), then the assertion follows 
from Theorem 5.1.1. This proves the Theorem. 
Note. Theorem 5.1.4 provides a generalization to Lemma 4.2.1. 
Theorem 5.1.5. A generic warped product submanifold M of an l.c.K. manifold 
M is trivial if and only if the Lee-vector field is normal to the submanifold M. 
The proof follows from Theorems 5.1.3 and 5.1.4. 
Corollary 5.1.2. Let M be a proper generic submanifold immersed as warped prod-
uct submanifold in an l.c.K. manifold M. Then h{Ui, U2) € u for each Ui e TMi 
and U2 e TM2. 
Proof When Mi is a holomorphic submanifold, the proof follows on taking account 
of (5.1.17) in (5.1.20). On the other hand when M2 is holomorphic, then by (5.1.24) 
we have 
9ihiUi,U2),FVi) ^ g{X,JU2)9{Ui,Vi). (5.1.26) 
The proof then follows from the above equation on taking account of Theorem 5.1.4. 
V. Bonanzinga and K. Matsumoto [9] obtained estimates for the squared norm 
of the second fundamental form of CR-warped product and warped product CR-
submanifolds in l.c.K. manifolds similar to what B.Y.Chen [19] obtained in the 
setting of CR-warped product submanifolds of Kaehler manifolds. In the following 
result we have estimated the squared norm of the second fundamental form of the 
generic warped product submanifold of an l.c.k manifold. 
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If MT and M° denote the holomorphic and purely real submanifold of an 
l.c.K. manifold M, then the two cases of generic warped product submanifolds are 
M° x / MT and MrXfM^. Let dim (M) = 2m, dim (M) = n, dim (MT) = 2p, dim 
(M°) = q, i.e. 2p + g = n. Further, Let {ei,e2, ....,ep,ep+i = Jei , ....,e2P = Jcp}, 
{e2p+i,...., e„}, {£?!, £^ 2, -.,-E^g} and {Eg+i, Eq+2, ••-, -^2^} be the local orthonormal 
frames on T{MT), TiM'^), F{TM'^) and u respectively. Then we have the following: 
Theorem 5.1.6. Let M = Mi Xf M^ he a generic warped product submanifold of 
an l.c.K. manifold M. Then the squared norm of the second fundamental form h of 
the immersion of M into M satisfies 
2p 
\\hf > 2P\\XF(TMO)\\' + 2Y,Q{9{KJei) - Jalnff, (5.1.27) 
t= i 
if the first factor of M is holomorphic submanifold of M, and 
\\hf>2p\\XF^TM0)f, (5.1.28) 
if the second factor of M is holomorphic in M. Where XF(TM°) denotes the compo-
nent of X inF{TM^). 




That can be expanded as 
q n 2m-q n 
' = E E5We,,e,),Fe2p+0'+ E Y. 9{Kei,e^\Erf 
k=lij=l r=q+li,j=i 
q 71 
> E E 9{h{ei,ej),Fe2p+kf 
k=l i,j=l 
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q 2p 2p q " --
> E [ E ^(^(ei, Cj), Fe2p+fc)2 + E E P(^(ei, e )^, Fe2p+kf] 
+ E E 5(Mei,ei),Fe2p+fc)2]. (5.1.29) 
t=l j=2p+l 
We now have: 
Case(i). When Mi is a holomorphic submanifold of M. In this case, by virtue 
of formula (5.1.4) the first term on the right hand side of the inequality (5.1.29) 
reduces to 2p||Ai^ (rM0)P) whereas the second term by virtue of (5.1.20) reduces to 
^^(^(A, Jej) — Jcilnfy. Therefore the inequality (5.1.29) in this case takes the 
form 
2p 
\\hf > 2\p\\XF^TM0)f + Y,q{9{\Jei) - Je,lnff]. 
i=\ 
Case(ii). When M2 is a holomorphic submanifold of M. In this case the assertion 
follows from the inequahty (5.1.29) on taking accoimt of Corollary 5.1.2 and the 
formula (5.1.4). 
The equaUty in (5.1.27) and (5.1.28) hold if the purely real distribution is to-
tally geodesic in M and h{U,V) lies in F(D°) for each U,V e £>°. 
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